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Nonlinear dynamics of road vehicles may lead to fatal accidents, e.g., a spin of a racing car 
negotiating a tight corner as a result of saturated lateral force on the rear tire, and a 
jackknifing of a car-trailer (CT) system occurring at medium-to-large articulation angles. 
However, the nonlinear dynamics and its impacts on the safe operations of road vehicles 
have not been systematically investigated and adequately resolved. Additionally, the 
effectiveness of active vehicle safety systems (AVSSs) in enhancing the safety of road 
vehicles in view of the nonlinear vehicle dynamic analysis are required to be exploited. 
Therefore, the main objective of this thesis is to develop a systematic analytical approach 
on the basis of nonlinear stability, and to analyze and predict the nonlinear dynamic 
behaviors of road vehicles so that the effectiveness of AVSSs in enhancing road vehicle 
safety can be reasonably evaluated. 
To this end, one 4 degrees of freedom (DOF) and one 6 DOF nonlinear yaw-roll models 
are derived to represent single-unit vehicles (e.g., passenger cars and trucks) and multi-unit 
vehicles (such as car-trailer systems), respectively. Based on the two models, an active 
rear-wheel differential braking (ARDB) controller and an active trailer differential braking 
(ATDB) controller are separately developed for the car and the CT system. Both vehicle 
models with and without AVSS are individually treated as nonlinear autonomous and non-
autonomous dynamic system to examine the respective steady-state and transient 
dynamics. In order to explore the steady-state and transient dynamics of a car and a CT 
system, the bifurcation and phase-plane analysis methods are applied accordingly. To 
simulate the nonlinear dynamics of the vehicles and to predict the performance of the 
AVSSs, all simulations are conducted under the specified open-loop testing maneuvers. 
The insightful findings of the thesis provide guidelines for designing and developing 
AVSSs in respect of the nonlinear dynamic characteristics of road vehicles. 
Keywords: nonlinear dynamics; autonomous dynamic systems; non-autonomous dynamic 
systems; bifurcation analysis; phase-plane analysis; Lyapunov exponent analysis; single-
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Chapter 1                                  
Introduction 
1.1  Motivation 
The car-trailer (CT) systems are well received in North America, which integrate a towing 
unit, e.g., a car, a towed unit, namely, the trailer, and a hitch connecting the two units at an 
articulated point. Fig.1.1 illustrates the constitution of a typical CT system. CT systems 
have been widely used to transport goods and materials for their cost-effectiveness and 
versatility in the daily life of most families [1]. However, due to the multi-unit structure, 
CT systems may cause fatal accidents along with heavy economic losses. 
 
Figure 1.1 A CT system with: (1) leading unit, (2) trailing unit, and (3) hitch. 
In Canada, road vehicles safety issues have been exacerbated due to the long and horrible 
winter weather patterns. Transport Canada's National Collision Database (NCDB) shows 
that in the year 2016, 1,898 people lost their lives in 1,717 fatal collisions, and 10,322 
people were injured in 115,956 injury collisions [2]. The economic cost of vehicle 
accidents in Canada in the year 2016 was estimated to exceed 25 billion Canadian dollars 
[2]. Often these road accidents are caused by drivers’ failures to operate the vehicle in some 
sudden and unstable circumstances, e.g., vehicle’s drift out of the road surface or the 
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vehicle body rollover. These vehicle instabilities are mostly attributed to low lateral 
stability and poor maneuverability under unforeseen external factors such as inclement 
weather.  
CT systems exhibit similar dynamic characteristics as articulated heavy vehicles, including 
the poor path-following performance at low speeds and the lack of lateral stability at high 
speeds. The poor directional performance of CT systems may cause three unstable motion 
modes, i.e., jackknifing, trailer sway, and rollover [3]. By and large, these instabilities of 
articulated heavy vehicles may be avoided by well-trained professional drivers with 
specific driving skills. However, in reality, most CT systems are operated by drivers 
without any specialized training. Consequently, improving CT road safety has been an 
essential topic for vehicle dynamics community and automotive manufacturers. 
To date, motor companies which have developed and applied active control systems to 
avoid trailer sway can be numbered. For example, the EAZ LIFT developed an anti-sway 
hitch to avoid trailer sway [4]. Honda designed trailer sway controllers by controlling the 
braking forces on different car rear tires [5]. Ford developed a technique to prevent trailer 
sway by adjusting the engine power to reduce forward vehicle speed [6]. Whereas, these 
controllers can only mitigate trailer sway by controlling the tractive unit. In this case, 
unstable motion such as jackknifing and trailer rollover caused by the articulated structure 
cannot be prevented. The aforementioned facts demonstrate the significance of active 
trailer safety systems to improve the safety of CT systems. In the practice of designing 
active vehicle safety system, it is vital to estimate and analyze stability profiles before 
developing any control strategies. As indispensability of the CT systems, the tractive unit 
should be studied first, which is generally considered as a single-unit vehicle. 
Hence, the situation inspires a compelling motivation to analyze and predict the nonlinear 
dynamic features of single-unit vehicles with and without a trailer, which is of great value 
in the development of AVSSs and vehicle safety enhancement. 
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1.2 Problem Statement 
Most of the studies themed with road vehicle safety are on the basis of linear dynamic 
analysis. However, typical fatal accidents involving road vehicles mainly result from 
nonlinear dynamics [7]. Explicitly, the existing linear vehicle dynamics models have three 
major limitations. Firstly, owing to the saturation of tire cornering forces, a road vehicle 
may lose lateral stability under a high lateral acceleration maneuver [8], which fails to be 
presented through linear tire model. Secondly, under equal operating conditions, a 
nonlinear vehicle dynamic system may experience multiple equilibrium states, while a 
linear vehicle dynamic system experiences only one equilibrium state [9]. For this reason, 
a linear vehicle model cannot adequately represent the dynamics of road vehicles in certain 
actual operations. Finally, for articulated vehicles, the vehicle models based on linear 
dynamic equations cannot capture the unique dynamic features and unstable motion modes 
due to multi-unit structures, e.g., jackknifing occurring at medium-to-large articulation 
angles [10]. Thus, the derivation of nonlinear vehicle models should be conducted 
considering the essential nonlinear dynamic elements, e.g., nonlinear tire dynamics and 
large articulation angle for a CT system. 
Moreover, although past studies on nonlinear dynamics of road vehicles positively 
contributed to improving road transportation safety, they mainly focused on yaw-plane 
motion analysis without considering roll and longitudinal motions. It is well known that a 
vehicle is susceptible to losing lateral stability at a high forward speed. In reality, the roll-
stability imposes significant impact on the safety of road vehicles and, in particular, CT 
systems. Therefore, to effectively study the various effects on vehicle safety, the roll and 
longitudinal motions should be taken into account. 
Besides, most of the past studies concentrated on analyzing the handling performance of 
nonlinear vehicle models at low lateral accelerations, which did not tackle the lateral 
stability of nonlinear vehicle models at high lateral accelerations. For instance, when 
researchers analyzed the vehicle handling performance by means of understeer (US), 
oversteer (OS), and neutral steer (NS) concepts [11], they might ignore the yaw motion 
stability at large tire sideslip angles. 
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As far as the nonlinear dynamic system is concerned, a road vehicle system can be 
classified as either nonlinear non-autonomous or nonlinear autonomous dynamic system, 
which depends on whether the control input(s) is time-variant or time-invariant [12]. In the 
past studies on nonlinear vehicle stability analysis, in case of the steady-state testing 
maneuver, the vast majority of vehicle systems were regarded as autonomous dynamic 
systems to analyze the handling performance, e.g., under a maneuver of a straight-line or 
a constant radius circle negotiation [13]. However, most of these investigators may have 
overlooked one crucial issue: for an autonomous vehicle dynamic system, one may 
examine its transient response at a specified time instant under a test maneuver, such as a 
single lane-change procedure. Moreover, the effectiveness of AVSSs should be examined 
with the application of a nonlinear autonomous vehicle dynamic system. 
1.3  Objectives 
To the best of the author’s knowledge, there hasn’t been any systematic nonlinear stability 
analytical approach to analyze and predict the nonlinear dynamic behaviours of road 
vehicles, and to evaluate the effects of AVSSs on the safety of nonlinear vehicle systems. 
To tackle this challenging nonlinear dynamic problem and to develop AVSSs to improve 
safety of single-unit vehicles with and without a trailer, this thesis will focus on the 
following innovative investigations. 
The primary objective of this thesis is to explore a practical and systematic nonlinear 
stability analytical approach to analyze nonlinear dynamic features and predict the 
nonlinear dynamic behaviour of road vehicles, and to evaluate the effectiveness of AVSSs 
on corresponding nonlinear vehicle models. Considering the nonlinear tire model and 
nonlinear vehicle structures, phase-plane and bifurcation methods will be adopted to 
examine the nonlinear dynamic features of road vehicles and to evaluate AVSSs’ effects 
on the safety of the nonlinear vehicle systems. 
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1.4  Methodology 
The framework of the methodology consists of the following main components (see 
Appendix D for details): 
⚫ A 4-DOF and a 6-DOF nonlinear yaw-roll model will be generated respectively to 
represent single-unit vehicles, e.g., cars, and multi-unit vehicles, such as CT systems. 
In addition to yaw and lateral motions, roll and longitudinal motions are considered 
in the two vehicle models where the nonlinear tire dynamics and nonlinear vehicle 
structures are also taken into account. The two nonlinear vehicle models are validated 
through CarSim, a commercial multi-body system software package. 
⚫ Each vehicle model is treated first as a nonlinear autonomous dynamic system and 
then a nonlinear non-autonomous dynamic system to examine both the steady-state 
and transient dynamic characteristics of the respective vehicle systems. 
⚫ To improve the lateral stability and handling performance of road vehicles, the 
following AVSSs are proposed: 1) a direct yaw moment controller (DYC) for the 
nonlinear autonomous single-unit vehicle dynamic system; 2) a trailer direct yaw 
moment controller (TDYC) for the nonlinear autonomous multi-unit vehicle dynamic 
system; 3) an active rear-wheel differential braking (ARDB) controller for the 
nonlinear non-autonomous single-unit vehicle dynamic system; and 4) an active 
trailer differential braking (ATDB) controller for a nonlinear non-autonomous multi-
unit vehicle dynamic system. 
⚫ The bifurcation and phase-plane methods are adopted to analyze the steady-state and 
transient dynamic characteristics of, respectively, the nonlinear autonomous dynamic 
system and the nonlinear non-autonomous dynamic system, with and without AVSS, 
respectively. 
⚫ All simulation result analyses are performed in following steps: 1) a global stability 
analysis is conducted with the method of bifurcation or phase-plane; 2) a local stability 
analysis is carried out by means of the time history of state variables; and 3) a further 
simulation is made through the motion mode analysis. 
 6 
1.5 Contributions 
The thesis proposes a systematic nonlinear stability analytical approach to analyze the 
nonlinear dynamic features and predict the nonlinear dynamic performance of road 
vehicles, and to evaluate the effectiveness of AVSSs in improving the lateral stability and 
enhancing the handling performance of these vehicles. The original contributions of the 
research are listed as follows: 
⚫ Proposing the systematic nonlinear stability analytical approach for nonlinear road 
vehicle dynamic systems. 
⚫ Integrating bifurcation and eigenvalue analytical methods to effectively explore the 
features of nonlinear dynamics for nonlinear autonomous road vehicle dynamic 
systems. 
⚫ Evaluating the effectiveness of Active Vehicle Safety Systems (AVSSs) for nonlinear 
autonomous and non-autonomous road vehicle dynamic systems with the use of the 
nonlinear stability analytical approach. 
⚫ The insightful findings derived from the research may provide guidelines for 
designing and developing AVSSs to enhance the safety of road vehicles. 
1.6  Thesis Organization 
The rest of the thesis is organized as follows: Chapter 2 comprehensively reviews the state-
of-the-art nonlinear dynamic analysis of road vehicles. Chapter 3 presents the modelling 
and validation of the nonlinear single-unit and multi-unit vehicle dynamic systems. Chapter 
4 performs nonlinear stability analysis and DYC design for the autonomous single-unit 
vehicle dynamic system. Chapter 5 conducts nonlinear stability analysis and ARDB design 
for the non-autonomous single-unit vehicle dynamic system. Chapter 6 carries out 
nonlinear stability analysis and TDYC design for the autonomous multi-unit vehicle 
dynamic system. Chapter 7 introduces a nonlinear stability analysis and ATDB design for 
the non-autonomous multi-unit vehicle dynamic system. Finally, Chapter 8 presents the 
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Chapter 2                                        
Literature Review 
2.1  Introduction 
This thesis mainly focuses on developing a systematic nonlinear stability analytical 
approach which is used to examine the characteristics of nonlinear dynamics, estimate 
instability performance profiles of road vehicles, and to evaluate the effectiveness of safety 
control strategies in improving the safety of road vehicles. To this end, a comprehensive 
literature review of the-state-of-the-art in corresponding researching fields is essential, in 
which two aspects are particularly highlighted: 1) nonlinear stability analysis on road 
vehicles, and 2) active vehicle safety systems for improving the safety of road vehicles. 
The literature review identifies limitations of previous researches and consolidate the 
objectives of this research. 
2.2  The-state-of-the-art of the Single-Unit Vehicles 
Nonlinear Dynamic Analysis and Safety Control 
2.2.1 Single-Unit Vehicles Nonlinear Dynamic Characteristics 
and Analysis Algorithms 
In the past, most researchers applied the 2-DOF linear vehicle model and the linear tire 
model to study vehicle dynamic problems [14~16]. Notably, the stability evaluation 
method based on eigenvalue analysis of a linear vehicle model was reported [17~19]. 
Linear mathematical methods have been widely applied to analyze various linear vehicle 
dynamic systems. However, typical fatal accidents of vehicles mainly result from their 
nonlinear dynamic characteristics, e.g., drift-out of vehicles due to lateral force saturation 
of the tire [20]. In general, linear models have limitations because they are valid only at 
low lateral accelerations. At high lateral accelerations, once the tire sideslip angle reaches 
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a designated value, the lateral force on the tire will be saturated and the linear model will 
become invalid [21]. 
For this reason, more and more researchers are paying attention to the nonlinear vehicle 
dynamic analysis [8, 22~24]. Nonlinear tire dynamics is chosen as an essential part of 
developing nonlinear vehicle models to achieve more reliable performance measures for 
nonlinear vehicle dynamic systems. Some analyses and studies of the nonlinear tire models 
have been developed in the cooperation with the TU-Delft and Volvo, and the results have 
been presented [25~27]. To date, there exist many different tire models for vehicle 
dynamics analysis, e.g., TMeasy, TreadSim, and Magic Formula [28~30]. One of the 
essential tire models is the Magic Formula tire model by Pacejka [31], which has been 
widely used to calculate steady-state tire force and moment characteristics of vehicle 
dynamics. A simple analysis method was proposed to describe the generation of tire 
horizontal force at combined slips of the Magic Formula, which is based on weighting 
functions [32]. Based on the 2-DOF bicycle model and the handling diagram method, 
Pacejka, in a series of papers [11, 33, 34], presented an in-depth study of the dynamic 
stability and the handling behaviour of road vehicles under steady-state turning maneuvers 
considering nonlinear tire dynamic characteristics. 
Nowadays, more and more researchers are paying attention to vehicle handling behaviours 
with nonlinear tire models. Milliken and Whitcomb presented a state-of-the-art review of 
single-unit vehicle handling behaviours by means of understeer (US), oversteer (OS), and 
neutral steer (NS) concepts [35]. According to the extent of tire force saturation, Karnopp 
examined vehicle handling behaviours considering different tire nonlinear dynamic 
behaviours [36]. Karnopp and Milliken discussed vehicle handling behaviours under open-
loop testing maneuvers with different steer inputs, varying radio of path curvature, and 
different vehicle forward speeds. Under constant-radius turning maneuvers at a constant 
forward speed, Grylls investigated vehicle handling characteristics in consideration of 
drivers’ subjective perceptions [37]. 
To analyze the stability properties of nonlinear dynamic systems, Lyapunov introduced a 
general stability theory in the late nineteenth century [12, 38~41]. Recently, some 
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diagrammatic approaches stemmed from the Lyapunov stability theory have been 
developed to deal with complex and nonlinear vehicle systems, e.g., the trajectory reversal 
method with the use of phase-portrait diagram, the bifurcation method with the application 
of handling diagram. The phase-portraits analysis is widely used to study nonlinear system 
dynamics by describing system state progression and assessing qualitative stability [42]. 
Stable zone boundary of the sideslip angle phraseogram was examined, which has been 
applied to the design of stability control systems for road vehicles [43]. Inagaki presented 
a phase-plane analysis through a 2-DOF vehicle model which contains the Magic Formula 
tire model [44]. Guo applied the energy phase-plane analysis to evaluate steering 
performance through detecting transient responses under different tests [23]. Ko estimated 
a lateral stability region of a 3-DOF nonlinear vehicle at a constant forward speed [45]. 
Generally, the behaviours of a nonlinear system may change with varying parameters. 
Bifurcation analysis was used to assess the robustness of a vehicle stability controller and 
to examine the nonlinear dynamic characteristics of a vehicle system [46]. Nguyen 
provided a state vector approach to study nonlinear regions of performance and transient 
behaviour of a passage vehicle using bifurcation of equilibrium conditions [47]. The 
Lyapunov stability theory has been introduced [39]. 
The Lyapunov function has been proposed to estimate the lateral stability regions of vehicle 
systems. Sadri et al. used the Lyapunov direct method to analyze the lateral stability of a 
nonlinear vehicle model under a straight-line test maneuver [49, 50]. The Lyapunov 
function has been proposed to estimate the lateral stability regions of a vehicle system. 
However, there is no systematic technique to find a Lyapunov function, making it 
extremely difficult to apply the direct method to complex nonlinear vehicle models, 
especially articulated vehicle models. Moreover, the direct method was only feasible for 
lateral stability analysis of a vehicle in constant straight-line motion. However, standard 
unstable motion modes of road vehicles frequently occur under tight cornering maneuvers 
[51]. 
The past two decades have witnessed the application of the phase-plane analysis approach 
and its theoretical base, bifurcation theory, to the stability analysis of road vehicles. In 
general, the behaviours of a nonlinear dynamic system may change with varying 
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parameters. A periodic solution can be solved at an equilibrium point. The respective value 
of the parameter is known as “bifurcation value” when these changes occur, and the varied 
parameter is called the “bifurcation parameter” [52]. Therefore, the bifurcation analysis 
technique may be applied as a practical dynamic analysis approach to the evaluation of the 
yaw and roll stability of road vehicles considering the nonlinear dynamic features of these 
vehicles with varying parameters. 
The stable zone boundary of side-slip angle phraseogram was examined, which has been 
applied to the design of stability control systems for road vehicles [53]. The phase-plane 
analysis method was used to evaluate the performance of a stability controller based on the 
results of simulations and tests [54]. Bifurcation analysis was used to evaluate the 
robustness of a vehicle stability controller and to examine the nonlinear dynamic 
characteristics of vehicle systems [55, 56]. To date, the phase-plane analytical method and 
the bifurcation analysis technique are mainly applied to the assessment of handling 
characteristics and lateral stability of single-unit vehicles. Primarily, the phase-plane 
analytical approach only is used for the pure vehicle model with two degrees of freedom; 
it is questionable whether this approach is feasible, applicable and useful for analyzing of 
the yaw and roll stability of vehicles with higher degrees of freedom. 
At the same time, there are also many approaches to analyze the handling behaviour of 
vehicles based on classical diagrammatic methods. Pacejka proposed the handling diagram 
method to describe the handling behaviours of vehicle models [11, 33, 34]. Winkler 
presented a simplified analysis of the steady-state turning of sophisticated vehicles using a 
handling diagram [57]. Frendo conducted a critical review of handling diagram and 
understeer gradient for vehicles with locked differential [58]. Escalona and Chamorro 
reported a method to analyze the handling stability of the steady-state curving of vehicles 
based on equations of motion that are obtained using multibody dynamics [13]. Recently, 
in order to analyze handling behaviours of nonlinear vehicle models, some diagrammatic 
approaches stemming from the Lyapunov stability theory have been developed to analyze 
handling behaviours of complex and nonlinear vehicle systems, e.g., the trajectory reversal 
method using phase portraits diagram, the bifurcation method using handing diagram. 
Fabio presented a bifurcation analysis of a combined car and driver model under a steady-
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state cornering maneuver at different speeds [59]. Nguyen provided a state vector approach 
to study nonlinear regions of performance and transient behaviours of a passenger vehicle 
using bifurcation of equilibrium conditions [47]. Farroni studied the influence of tire and 
vehicle characteristics on stability with the combination use of phase-plane and handling 
diagram methods [60, 61]. 
2.2.2 Single-Unit Vehicles Safety Control Strategies and 
Methodologies 
Nowadays, road vehicle safety has been a common concern for all vehicle users, primarily 
due to the ever-increasing density of highway traffic. For a single-unit vehicle, unstable 
lateral motions and vertical motions may result in spin, drift-out, and rollover accidents 
[62]. Over the years, vehicle stability control (VSC) systems have been developed and 
commercialized to improve vehicle safety by avoiding the instability phenomena [63~66].  
Abe presented a direct yaw moment control (DYC) with the adoption of an active four-
wheel steering control strategy to improve vehicle handling and safety, which considered 
the nonlinear tire characteristics at high lateral accelerations [67~70]. Shibahata analyzed 
vehicle dynamics characteristics in nonlinear regions [71~73]. The DYC was designed 
using differential braking forces on the right and left tires to improve vehicle performance. 
Kumar carried out an overview of the active front steering system by adjusting the variable 
steering ratio [74]. Sharp presented an active anti-roll control to improve the vehicle roll 
stability by controlling an anti-roll bar on the rear axle [75]. He developed an integrated 
vehicle dynamics control system by coordinating active front steering, active rear steering, 
active braking control and driver control [76~79]. The phase-plane method was used to 
examine the stable regions, and a PID controller was used to establish the integrated active 
control system. 
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2.3  The-state-of-the-art of Multi-Unit Vehicle Nonlinear 
Dynamic Analysis and Safety Control 
2.3.1 Multi-Unit Vehicle Nonlinear Dynamic Characteristics 
and Analysis Algorithms 
Studies of multi-unit vehicle dynamics have so far mainly focused on stability issues. For 
single-unit vehicles, multi-unit vehicles exhibit poor dynamic stability at high speeds and 
poor maneuverability at low speeds because of their multi-unit structures. For multi-unit 
vehicles, three unique kinds of unstable motion modes have been identified, namely, trailer 
sway, jackknifing, and rollover, which are the common causes of fatal accidents occurring 
on highways [3, 80~82]. 
Trailer sway is a yaw motion mode triggered by divergent trailer yaw response. This 
unstable motion mode usually occurs when the tire/road interfaces could not provide 
sufficient lateral forces to damp out the undesired significant yaw motion of the trailer. If 
the yaw damping effect is sufficient, the trailer yaw motion may decrease as time goes, and 
the multi-unit vehicle will eventually become stable. Instead, if the yaw damping effect is 
insufficient, the magnitude of the trailer yaw oscillation around the hitch will become more 
significant as time goes, and finally, the multi-unit vehicle will lose yaw stability. Two 
factors may cause the trailer sway: (1) large lateral forces exerted on the trailer cannot be 
balanced by the cornering force produced on the tire/road interface; (2) poor hitch 
adjustment and unreasonable loading applied on the trailer [83]. Generally, when more 
than one of these causes are present, a trailer will experience swaying unless an opposing 
lateral force is available [84]. This oscillation generally occurs if the frequency is above 
0.6 Hz, and the amplitude will increase with the vehicle forward speed or the mass ratio of 
the trailer to the car [85]. 
Jackknifing is a well-known unstable motion mode that causes severe traffic accidents, in 
which a car and trailer are involved. Typically, jackknifing is mainly attributed to 
tire/ground friction force saturation, which usually causes the rear wheel lock-up of the car, 
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and the tractive unit will lose directional control [86~88]. It means the folding of the car 
and the trailer in such a way that the articulation angle between the two units takes an acute 
angle, which looks like the folding of a pocketknife. Generally, the deviation of the trailer 
velocity direction from that of the car is attributed to jackknifing. For multi-unit vehicles, 
if jackknifing occurs, the driver will not be able to control the motion of the car by steering. 
According to the study reported by the National Highway Traffic Safety Administration 
[89], in the United States in 2003, 3.1% of all examined crashes caused by tractor-trailer 
combinations are due to jackknifing events. 
The rollover of multi-unit vehicles has been a significant road safety problem for the 
consequent severe damages, cost and environmental implications by rollover accidents. 
Three significant factors are involved to be responsible for this unstable motion mode: 1) 
high-speed curved path negotiations, such as a multi-unit vehicle operating at a high 
merging speed on highway ramps; 2) sudden course deviation at high initial speed, e.g., 
lane-change maneuver; and 3) quick load shift [90]. Rakheja introduced the rollover 
threshold value in 1990, which is defined as a magnitude of lateral acceleration under a 
static cornering maneuver with inner-tire lift-off. For single-unit cars, the rollover 
thresholds are higher than 1.0 g, while the threshold for a typical multi-unit vehicle may be 
as low as 0.6 g [91]. Unstable motion modes may lead to fatal accidents, which have been 
significant problems in terms of both social and economic cost [92~94]. It is well known 
that articulated vehicles exhibit unique dynamic phenomena, collectively referred to 
rearward amplification (RWA), which is defined as the ratio of the maximum movements 
of the rearmost vehicle unit divided by the maximum movement of the tractive vehicle unit 
[95]. In many cases, RWA is defined in terms of either lateral acceleration or yaw rate gain. 
It is difficult for a driver to sense the trailer motions of a multi-unit vehicle because his/her 
perception is based mainly on the response of the car rather than the trailer [96]. The 
articulation joints and the car suspension isolate the driver from the trailer motions. 
Whereas, the trailer is usually the first unit to roll over, and by the time the driver realizes 
what is happening, it is too late to take corrective action. Vast majority of the loss-of-
control accidents are results of these unstable motions of vehicles. 
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Over the last two decades, a large number of mathematical vehicle models have been 
developed to better understand the high-speed stability of towed vehicles [97, 98]. More 
complete dynamic factors of the CT model are considered in those researches. The car-
trailer model with 3-DOF presented by Bevan [84], Deng and Kang [99] is case in point, 
in which the car and trailer are joined by a hitch, and a constant forward speed is assumed. 
Anderson and Kurtz [100] developed both a 4-DOF model and a 6-DOF model to study 
the longitudinal and roll dynamics of both the car and trailer. Fratila and Darling [101] 
developed a more comprehensive CT model with 24-DOF. This model included all yaw, 
pitch, and roll motions of both the vehicle and the trailer. The unsprang mass vertical and 
spin motions were also considered in this model. 
Currently, the Lyapunov stability theory has become a new tool to study the lateral stability 
of multi-unit vehicle systems. Ding et al. performed a bifurcation analysis of a nonlinear 
tractor/semitrailer vehicle model in planar motion using the Lyapunov linearization method 
[48]. With the assistance of eigenvector analysis, phase trajectories, and status of lateral 
tire force saturation, a quantity of instability phenomena of tractor/semitrailer systems can 
be explained. However, Ding’s research only shows the stability analysis under constant 
operating conditions because the front wheel steering angle of a vehicle is varying with 
time in actual driving conditions. Similar situation happens to this research that it may not 
completely represent realistic driving situations. 
With the full range of model development, commercial software aiming to multi-body 
dynamic simulations, such as CarSim, TruckSim, ADAMS and DADS, have also been 
applied in vehicle system investigations to generate complex nonlinear vehicle models with 
many degrees of freedom [102~109]. For instance, Sharp and Fernandez [85] have 
developed a highly sophisticated 32-DOF car–caravan model for CT systems through 
AutoSim. 
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2.3.2 Multi-Unit Vehicle Safety Control Strategies and 
Methodologies 
Nowadays, vehicle safety has been a common concern for multi-unit vehicle drivers, 
primarily due to the ever-increasing density of highway traffic. Over the years, many 
control systems involving passive safety [1, 110] and active safety [111~116] strategies for 
the reduction of trailer sway, jackknifing, and rollover instability have been developed. 
Over the last two decades, many articulated vehicle passive safety systems have been 
investigated by researchers [1, 110]. The results have shown that the emergence of three 
significant kinds of unstable motions of articulated vehicles depends strongly on the 
parameters of the towing vehicle, the vertical hitch load, and towed trailer. More 
specifically, trailer mass and the location of the trailer center of gravity in the longitudinal 
direction decide the occurrence of jackknifing. Therefore, to avoid the inducing factors of 
the jackknifing motion, a commonly used method is to reduce the hitch load or to move 
the trailer's center of gravity rearward. In terms of the trailer swaying motion, the 
parameters of both the towing vehicle and the trailer are decisive. According to the study 
by Bevan [84], a number of passive safety methods have been investigated: 1) to increase 
the mass of the trailer; 2) to move rearward the center of gravity of the trailer; 3) to increase 
the moment of inertia of the trailer; 4) to decrease cornering stiffness of trailer tires; 5) to 
decrease cornering stiffness of the towing unit’s rear tires; 6) to increase the distance from 
the vehicle rear axle to the hitch point; 7) to increase vehicle wheelbase. 
Unfortunately, the high-speed lateral stability of an articulated vehicle system cannot be 
guaranteed with a passive mechanism, because the operating conditions, i.e., different 
drivers, load, road, tire type, tire pressure, and weather conditions, vary tremendously 
[116]. Various active safety systems have been proposed to address the safety problem of 
CT systems, which include active four-wheel steering of the towing vehicle, active trailer 
steering, and active trailer braking [117]. 
Shuwen [118] presented an investigation to enhance the lateral stability of a CT system by 
using a four-wheel steering system. In the paper, a 4-DOF CT model was built as the 
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predictive controller model. Based on a sliding mode control, a four-wheel steering system 
is designed to control the rear-wheel steering angle, which can control the yaw rate and the 
sideslip angle. The results show that this four-wheel steering system improves the lateral 
stability and active safety of the CT system. 
Islam and He [119] examined and evaluated an active trailer steering (ATS) system to 
improve maneuverability at low speeds and enhance lateral stability at high speeds of 
articulated heavy vehicles (AHVs), which is based on an automated design synthesis 
approach. In the study, a driver model was developed, two operational modes were 
designed, and one optimization control method is designed through using the Genetic 
Algorithms. Simulation results indicate that the design-based optimization of AHVs with 
ATS system is an effective approach to improve the lateral stability at high speeds and 
enhance the path-following performance at low speeds. 
Effective trailer differential braking strategy is studied by some researchers [120, 121] to 
improve the lateral stability at high speeds by preventing unstable motion modes, such as 
trailer sway, jackknifing, and rollover. This strategy controls brake pressures on each tire 
of the same trailer axle. It can produce a yaw movement by using differential braking forces 
of the tire, which controls the yaw motion of the trailer to improve the stability of 
articulated vehicles. To derive the control strategy, Peng [122] modelled the brake line 
pressure of the tire brake force subsystem. 
Li and Pu [123] presented a differential braking control algorithm to improve the 
yaw/rollover stability of tractor semi-trailers. This strategy is based on a PID controller and 
the control algorithms in MATLAB. The simulation results show that the differential 
braking control algorithm can not only improve yaw stability but also improve rollover 
stability and significantly improve the track holding ability. 
Tom [124] devised a brake-steering system that used differential brake forces for steering 
intervention in the context of intelligent highway systems. This system was implemented 
by a state feedback regulator and PID controller. It also presented a way to implement 
brake-steering moment by adding an external differential brake moment. The simulation 
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results have shown that the brake-steering system provides steering intervention under 
maneuvers to avoid road departure. 
Charles and Robert [125] presented a report on active safety systems for limited authority 
lateral maneuvering with a differential braking system. In this report, the researchers 
expounded the basic operation principle of the differential braking system. This control 
algorithm can change the direction of a vehicle when it is going away from the roadway 
through intelligently adjusted differential braking forces on the left or right-side wheels. 
Of course, the traditional control channel can still be used by drivers to steer the vehicle 
when the vehicle is steered by utilizing braking because the original steering system is not 
interfered with or modified through this approach. The results have shown that the 
algorithm is adaptive to accommodate a wide range of operating conditions and roadway-
departure scenarios for improving vehicle stability and road safety. 
AL-KO Kober AG Company [126] presented a new approach, by which the oscillations of 
trailers were sensed directly. The combination of the vehicle and trailer are stabilized by 
an active trailer differential braking controller. When the trailer yaw rate stability sensor 
detects certain emergency (e.g. the trailer is about to lose stability), the differential braking 
system will instantly produce the brake forces on both trailer wheels. The brake force will 
firstly work on the wheel, which is opposite to the direction of sway, thus pulling the trailer 
into line. Then brake force intensity is increased and exerted equally on both wheels so as 
to keep the car and the trailer into one line [127]. The result has shown that this braking 
strategy is useful to improve the trailer sway at high speeds. 
With the development of vehicle dynamics and computer simulation technology, many 
controller design methods have been widely used to study the dynamic characteristics and 
design control systems, such as LQR controller, the fuzzy logic controller [128 and 129] 
and proportional-integral-derivative (PID) controller [130]. One of the essential controller 
design methods is the LQR control technique. 
Recently, to improve both low-speed maneuverability and high-speed stability of multi-
trailer articulated heavy vehicles, active trailer steering systems were designed with the use 
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of LQR controllers [131]. Tianjun and Changfu [132] presented the differential braking 
strategy for a heavy tractor semi-trailer, which is based on a six-axle yaw-plane model with 
4-DOF. An LQR controller was designed to improve the yaw-roll stability of the tractor 
semi-trailer, and a PD controller was designed to regulate the longitudinal slip ratio of tires. 
The simulation results show that yaw-roll stability of the tractor semi-trailer has been 
improved effectively after applying the differential braking. 
2.4  Discussion 
As stated above, a great number of studies have been reported in the aim of examining the 
unique nonlinear dynamic features of road vehicles, and developing corresponding vehicle 
safety control strategies, there still exists limitations of the available stability analysis 
approaches which are summarized as follows: 
⚫ Most of the nonlinear vehicle models did not take into full considerations of the 
nonlinear dynamic features of tire dynamics and nonlinear vehicle structures. 
⚫ Most of the nonlinear vehicle stability analyses did not take a full account of the roll 
and longitudinal motions for both the car and trailer. 
⚫ Generally, researchers overlooked the roll stability when they conducted nonlinear 
dynamic analysis for road vehicles. 
⚫ Previous nonlinear vehicle stability studies did not exploit the effectiveness of AVSSs 
in view of the nonlinear dynamic analysis of a nonlinear autonomous vehicle dynamic 
system. 
Upon the comprehensive literature review, the research objectives introduced in Section 
1.3 were established.  
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Chapter 3                                              
Modelling and Validation of Nonlinear 
Road Vehicle Dynamic Systems 
3.1  Introduction 
This chapter presents the modelling and validation of the nonlinear road vehicle dynamic 
systems. A nonlinear 4-DOF yaw-roll single-unit vehicle model, a nonlinear 6-DOF yaw-
roll CT model and a nonlinear 4-DOF yaw-plane CT model are generated through 
comprehensive considerations on their unique nonlinear dynamic features. The predictions 
are compared to those generated by the corresponding CarSim models. Benchmark 
comparison of these models has been performed to investigate the fidelity, complexity, and 
applicability. It is notable that all nonlinear vehicle models are generated on the basis of 
the SAE standard coordinate system [134]. In order to be consistent with all nonlinear 
vehicle models containing CarSim models based on ISO coordinate [135], the direction of 
some simulation results should be changed. Based on the simulation results, the nonlinear 
4-DOF yaw-roll single-unit vehicle model and the nonlinear 6-DOF yaw-roll CT model 
will be applied to lateral stability analyses and effectiveness evaluations of the road vehicle 
safety systems. 
3.2  Modelling and Validation of the Nonlinear Single-
Unit Vehicle Dynamic System 
In this subsection, two nonlinear single unit vehicle models are presented: a nonlinear 4-
DOF yaw-roll dynamics model and a 14-DOF CarSim model, which is generated using the 
CarSim software. The nonlinear 4-DOF yaw-roll model is validated by the 14-DOF CarSim 
model. Benchmark comparison of these models has been performed to investigate the 
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fidelity, complexity, and applicability. After validated, the nonlinear 4-DOF vehicle model 
will be applied to assess the stability and safety systems design of the single-unit vehicle. 
3.2.1 Nonlinear 4-DOF yaw-roll vehicle model 
As shown in Fig.3.1, to generate the nonlinear 4-DOF yaw-roll vehicle model, the 
following assumptions are made: the initial vehicle forward speed, 𝑈0, and the front wheel 
steering angle input, δ, is given; the pitch and bounce motions and aerodynamic effect and 
road rolling resistance forces are ignored; the roll stiffness and damping coefficients of the 
vehicle suspensions are constant. In this vehicle model, we only consider the four motions 
of the sprung-mass, namely, longitudinal, lateral, yaw, and roll motions. Note that U is the 
forward speed in real-time. (The nonlinear vehicle model parameters are shown in Table 
C2 of Appendix A.) 
 
Figure 3.1 The nonlinear 4-DOF yaw-roll vehicle model: (a) top view, (b) side view, and 
(c) rear view. 
The governing equations of motion for the vehicle model are 
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𝑚(?̇? − 𝑟𝑉) − 𝑚𝑠ℎ?̇?𝜙 = −𝐹𝑥1 𝑐𝑜𝑠(𝛿) − 𝐹𝑦1 𝑠𝑖𝑛(𝛿) − 𝐹𝑥2                                            (3.1) 
𝑚(?̇? + 𝑟𝑈) + 𝑚𝑠ℎ?̈? = −𝐹𝑥1 𝑠𝑖𝑛(𝛿) + 𝐹𝑦1𝑐𝑜𝑠 (𝛿) + 𝐹𝑦2                                              (3.2) 
𝐼𝑧?̇? − 𝐼𝑥𝑧?̈? = (−𝐹𝑥1 𝑠𝑖𝑛(𝛿) + 𝐹𝑦1 𝑐𝑜𝑠(𝛿))𝑎 − 𝐹𝑦2𝑏                                                        (3.3) 
(𝐼𝑥𝑥 + 𝑚𝑠ℎ
2)?̈? − 𝐼𝑥𝑧?̇? + 𝑚𝑠ℎ(?̇? + 𝑟𝑈) = (𝑚𝑠𝑔ℎ − 𝑘)𝜙 − 𝑐?̇?                                    (3.4) 
In this chapter, the nonlinear tire model should be the magic formula tire model [19]. The 
longitudinal tire force 𝐹𝑥𝑖𝑗 and lateral force 𝐹𝑦𝑖𝑗 are defined as a function of normal load 
𝐹𝑧𝑖𝑗and tire longitudinal slip ratio 𝑆𝑖𝑗 and sideslip angle 𝛼𝑖𝑗, where: 
𝐹𝑥𝑖𝑗 = 𝑓𝑥(𝐹𝑧𝑖𝑗, 𝛼𝑖𝑗 , 𝑆𝑖𝑗)                   ( 𝑖 = 1, 2, 𝑎𝑛𝑑 𝑗 = 𝑟, 𝑙,.)                                           (3.5) 
𝐹𝑦𝑖𝑗 = 𝑓𝑦(𝐹𝑧𝑖𝑗, 𝛼𝑖𝑗 , 𝑆𝑖𝑗)                  ( 𝑖 = 1, 2, 𝑎𝑛𝑑 𝑗 = 𝑟, 𝑙,.)                                            (3.6) 
Note that subscripts 1 and 2 represent the front and rear axles, respectively, while subscripts 
r and l denote right and left tires, accordingly. 
The vertical load of the right and left tires on the front and rear axles equal to each other 








































                                                                       (3.10) 
The sideslip angle of right 𝑟 and left 𝑙 tires on the front 𝑓 and rear 𝑟 axles equal to each 
other and are given by Eqs. (3.11) to (3.12), accordingly. 
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) − 𝛿                                                                              (3.11) 




)                                                                                     (3.12) 
Moreover, the longitudinal slip ratio of right 𝑟 and left 𝑙 tires on the front 𝑓 and rear 𝑟 axles 
equal to each other and are given by Eqs. (3.13) to (3.14), respectively. 
𝑆𝑓𝑟 = 𝑆𝑓𝑙 = 𝑆𝑓 = (
𝑈𝑓−𝑈𝑓0
𝑈𝑓
) %                                                                                       (3.13) 
𝑆𝑟𝑟 = 𝑆𝑟𝑙 = 𝑆𝑟 = (
𝑈𝑟−𝑈𝑟0
𝑈𝑟
) %                                                                                         (3.14) 
where, 𝑈𝑓 = 𝑈𝑟 = 𝑈 is the longitudinal velocity of vehicle and 𝑈𝑓0 =  𝑈𝑟0 =  𝑈0 is the 
tangential velocity of tires. 
In order to simplify the computation processes, the longitudinal tire force and lateral force 
of both wheels on an axle can be combined as one force as shown as Eqs. (3.15) to (3.18). 
𝐹𝑥1 = 𝐹𝑥1𝑟 + 𝐹𝑥1𝑙                                                                                                            (3.15) 
𝐹𝑦1 = 𝐹𝑦1𝑟 + 𝐹𝑦1𝑙                                                                                                          (3.16) 
𝐹𝑥2 = 𝐹𝑥2𝑟 + 𝐹𝑥2𝑙                                                                                                           (3.17) 
𝐹𝑦2 = 𝐹𝑦2𝑟 + 𝐹𝑦2𝑙                                                                                                                    (3.18) 
With necessary mathematic manipulations, the nonlinear equations describing the vehicle 
model can be expressed in a state-space representation as follows: 
?̇? = 𝑓(𝑋, 𝛿, 𝑈0)                                                                                                              (3.19) 
where the state variable vector is defined as: 
𝑋 = [ 𝑟  𝑉  𝜙  𝑈 ]𝑇                                                                                                           (3.20) 
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3.2.2 Nonlinear 14-DOF CarSim Model 
The CarSim software package [133] consists of three relevant elements: (1) the VehicleSim 
(VS) browser, which is a graphical user interface and serves as the primary interface; (2) 
the CarSim databases, which are used to select vehicle configuration templates and to 
define the system parameters, the tire-road interactions, the test maneuvers, etc.; and (3) 
the VS solver, which is utilized to solve the relevant governing equations of motion of the 
vehicle model and execute the defined dynamic simulations. On the VS browser, 
researchers can allow other applications, e.g. a stability controller designed in MATLAB 
or LabVIEW and access to the CarSim databases via an interface. 
In the current research, the 14-DOF vehicle model is generated using the CarSim software 
package. The car has two axles. In the nonlinear CarSim model, the motions considered 
are as follows. The sprung masses are considered as a rigid body with 6-DOF, namely the 
longitudinal motion, the lateral, the vertical, the pitch, the roll and the yaw. In addition to 
the sprung mass, each axle (unsprung mass) is treated as a beam axle that can roll and 
bounce for the sprung mass to which it is attached. Individual wheel rotations are also taken 
into account. The resulting CarSim model is generated with 14-DOF [133]. The Magic 
Formula represents the nonlinear tire dynamics. CarSim also uses detailed nonlinear 
kinematic relationships, nonlinear spring models, and other nonlinear component models 
[133]. This nonlinear CarSim model is used to validate the nonlinear 4-DOF vehicle model 
and to perform simulations of the nonlinear vehicle dynamic system. 
3.2.3 Validation 
In this thesis, the numerical simulations for the nonlinear 4-DOF vehicle model are 
conducted in MATLAB, while the simulations for the CarSim model are performed in 
CarSim software. In this subsection, the nonlinear 4-DOF vehicle model is compared and 
evaluated by 14-DOF CarSim vehicle model. The numerical simulations are carried out 
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under an emergency test maneuver: the front wheel steering input 𝛿 is shown in Fig.3.2 
and the following initial vehicle forward speed 𝑈0 is selected: a) 16.7 m/s and b) 27.8 m/s. 
 
Figure 3.2 Car front-wheel steering input for the emergency test maneuver. 
Figs.3.3 to 3.5 illustrate the simulation results of the nonlinear 4-DOF and the CarSim 
vehicle models under the designed test maneuver in terms of the time history of the lateral 
acceleration, roll angle, and trajectory at the CG of the vehicle to confirm the lateral motion, 
roll motion, and the capability of path-following. 
As shown in Fig.3.3, the time histories of the lateral acceleration of the 4-DOF and CarSim 
vehicle models are in excellent agreement both at low-speed and high-speed cases, but the 
CarSim model exhibit the shorter settle time. If the peak values of the lateral acceleration 
of the vehicle based on the CarSim model are treated as the reference data, the relative 
errors of the results for the 4-DOF vehicle model for the CarSim model can be calculated. 
In the low-speed case, the minimum relative error of the peak value is 0.008%, and the 
maximum relative error of the peak value is 0.012% (absolute value). In the high-speed 
case, the minimum relative error of the peak value is 0.015% (absolute value), and the 
maximum relative error of the peak value is 0.056%. Hence, both at low- and high-speed, 
two vehicle models can achieve excellent agreement on the lateral motion. However, the 
relative error of the peak value will be increasing with the test speed. 
 26 
(a) (b) 
Figure 3.3 Time history of the lateral acceleration at the CG of the vehicle under the test 
maneuver at (a)  𝑈0 = 16.7 𝑚/𝑠  and (b)  𝑈0 = 27.8 𝑚/𝑠  for the 4-DOF and CarSim 
vehicle models. 
Fig.3.4 shows the time history of the sprung mass roll angle of the vehicle for the 4-DOF 
and the CarSim vehicle models at two test speeds. The peak values of the time history of 
the sprung mass roll angle of the vehicle for the 4-DOF vehicle model can be identified 
from the simulation results. The relative errors of the peak values for the 4-DOF vehicle 
model for the CarSim model are also calculated. Among the four relative errors of the peak 
value, the maximum is 0.027% at high speed. Thus, regarding the sprung mass roll angle, 
the 4-DOF and CarSim vehicle models are in good agreement on roll motion. 
 
(a) (b) 
Figure 3.4 Time history of the roll angle of the vehicle under the test maneuver at (a) 𝑈0 =
16.7 𝑚/𝑠 and (b) 𝑈0 = 27.8 𝑚/𝑠 for the 4-DOF and CarSim vehicle models. 
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Fig.3.5 shows the trajectories of the CG of the 4-DOF and CarSim vehicle models at the 
two test speeds. In the low-speed case, both of the two models can finish the designed test 
maneuver and achieve good agreement. However, the simulation results based on the 4-
DOF vehicle model deviate a little bit from that of the CarSim model at 27.8 m/s. This 
observation can be explained by the fact that in the Magic Formula tire model used in the 
4-DOF model, the test-data-based coefficients do match well with those incorporated in 
the tire model for the CarSim model. The relationship between the tire lateral tire force and 
the tire sideslip angle based on the 4-DOF and CarSim models can be found in Fig.3.6.
(a) (b) 
Figure 3.5 Trajectories at the CG of the vehicle under the test maneuver at (a)  𝑈0 =
16.7 𝑚/𝑠 and (b) 𝑈0 = 27.8 𝑚/𝑠 for the 4-DOF and CarSim vehicle models. 
(a) (b)
Figure 3.6 Side-slip angle vs. lateral force of the vehicle under the test maneuver at 
(a) 𝑈0 = 16.7 𝑚/𝑠 and (b) 𝑈0 = 27.8 𝑚/𝑠 for the 4-DOF and CarSim vehicle models. 
The above analysis indicates that under the test maneuver at 16.7 m/s and 27.8 m/s, the 
simulation results of the nonlinear 4-DOF vehicle model match the CarSim model quite 
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well. Hence, the nonlinear 4-DOF vehicle model will be used to analyze the nonlinear 
stability and design AVSSs for the single-unit vehicle. 
In order to reveal the nonlinear dynamics characteristics of this nonlinear 4-DOF vehicle 
model, a particular emergency test is designed. For this maneuver, the front wheel steering 
input 𝛿 should keep the same frequency in the Fig.3.2, but the amplitude increases from 
0.0175 rad to 0.098 rad, and the following initial vehicle forward speed 27.8 m/s. 
Figs.3.7 to 3.8 illustrate the simulation results of the nonlinear 4-DOF and the CarSim 
vehicle models under the particular test maneuver at 27.8 m/s in terms of the time history 
of the lateral acceleration and roll angle at the CG of the vehicle to confirm the lateral 
motion and roll motion under the designed test maneuver. As Fig.3.7 shown, the lateral 
acceleration of both the 4-DOF and CarSim vehicle models touch saturation close 4 s and 
keeps a peak value of 0.78 g. At the same time, Fig.3.8 shows a similar situation for the 
roll angle. The saturation value of the roll angle is about 2.4 rad. That means under-
designed test maneuver, both of two models will move in the nonlinear range. However, 
two vehicle models also show a similar simulation result. Hence, in the nonlinear range, 
the 4-DOF and CarSim vehicle models will predict similar unstable motion modes.  
 
Figure 3.7 Time history of the lateral acceleration at the CG of the vehicle under the 




Figure 3.8 Time history of the roll angle of the vehicle under the particular test maneuver 
at  𝑈0 = 27.8 𝑚/𝑠 for the 4-DOF and CarSim vehicle models. 
Fig.3.9 shows the trajectories of the CG of the 4-DOF and CarSim vehicle models under 
the particular test maneuver at 27.8 m/s, which indicates that for both nonlinear vehicle 
models, the cornering tire force saturation occurs, and the single lane-change cannot be 
successfully implemented. The nonlinear dynamics of both vehicle models are exhibited. 
Once again, the simulation results shown in Fig.3.10 indicate that the 4-DOF model 
deviates a little bit from that of the CarSim model. This observation can be explained by 
the facts that in the Magic Formula tire model used in the 4-DOF vehicle models, the test-





Figure 3.9 Trajectories at the CG of the vehicle under the particular test maneuver at  𝑈0 =
27.8 𝑚/𝑠 for the 4-DOF and CarSim vehicle models. 
Fig.3.10 shows the relationship between the tire lateral tire force and the tire sideslip angle 
based on two models. As the simulation results show, the simulation results based on the 
nonlinear tire model are in good agreement: the tire sideslip angle increases with time, but 
the lateral tire force will be saturated once the tire sideslip angle reaches a specific value. 
For the car front wheel, the lateral force will be saturated at approximately 2 KN. The 
lateral force of the car rear wheel will be saturated at approximately 3.5 KN.  
 
Figure 3.10 Side-slip angle vs. lateral force of the vehicle under the particular test 
maneuver at  𝑈0 = 27.8 𝑚/𝑠 for the 4-DOF and CarSim vehicle models. 
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3.3  Modelling and Validation of the Nonlinear 
Articulated Vehicle Dynamic System 
In this subsection, three vehicle models for the CT system are presented: 1) a nonlinear 4-
DOF yaw-plane CT model, 2) a nonlinear 6-DOF yaw-roll CT model, and 3) a nonlinear 
21-DOF CT model generated using the CarSim software. The hand-derived 4-DOF yaw-
plane and 6-DOF yaw-roll models are generated to represent the dynamics of the CT 
system, and they are validated by the 21-DOF CarSim model. Benchmark comparison of 
these models has been performed to investigate the fidelity, complexity, and applicability. 
The nonlinear 6-DOF yaw-roll CT model will be applied to analyze the lateral stability and 
to examine the effectiveness of vehicle safety systems of the CT systems. 
3.3.1 The nonlinear 4-DOF yaw-plane and 6-DOF yaw-roll CT 
models 
The CT model to be generated in this thesis consists of a car and a trailer, which are 
connected at an articulated point by a hitch. Based on the body-fixed coordinate systems, 
𝑋𝑐 − 𝑌𝑐 − 𝑍𝑐  and  𝑋𝑡 − 𝑌𝑡 − 𝑍𝑡 , for the car and trailer, respectively, the governing 
equations of motion can be derived.  
In the vehicle modelling, it is assumed that the initial forward speed of the car 𝑈0, and the 
car front-wheel steering angle 𝛿 are given. The pitch and bounce motions of the car and 
trailer, as well as aerodynamic effects, are ignored. The tire model used is the Magic 
Formula tire model, which specifies the nonlinear relationship between the tire force and 
tire side-slip angle. The roll stiffness and damping coefficients of the vehicle suspension 
systems are constant in the case of roll motions involved. The motions considered in the 4-
DOF yaw-plane CT model are car forward speed 𝑈𝑐, car lateral speed 𝑉𝑐, car yaw rate 𝑟𝑐, 
and trailer yaw rate 𝑟𝑡. From Newton’s law of dynamics, the equations of motion for the 
CT model can be derived. The motions considered in the 6-DOF yaw-roll CT model are 
car forward speed 𝑈𝑐, car lateral speed 𝑉𝑐, car yaw rate 𝑟𝑐, car roll angle 𝜙𝑐, trailer yaw 
rate 𝑟𝑡, and trailer roll angle 𝜙𝑡. From Newton’s second law of dynamics, the equations of 
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motion for the CT model can be derived. (The nonlinear CT model parameters are shown 
in Table C3 of Appendix B.) As shown in Fig.3.11, the CT system with a car and trailer is 
represented by the nonlinear 6-DOF yaw-roll CT model. 
 
Figure 3.11 The 6-DOF yaw-roll CT model: (a) top view, (b) side view, and (c) rear view. 
The equations of motion of the car are expressed as: 
𝑚𝑐(?̇?𝑐 − 𝑟𝑐𝑉𝑐) − 𝑚𝑐𝑠ℎ𝑐𝑟?̇?𝜙𝑐 = −𝐹𝑥1 𝑐𝑜𝑠(𝛿) − 𝐹𝑦1 𝑠𝑖𝑛(𝛿) − 𝐹𝑥2 + 𝐹𝑥𝑡                    (3.21)  
𝑚𝑐(?̇?𝑐 + 𝑟𝑐𝑈𝑐) + 𝑚𝑐𝑠ℎ𝑐?̈?𝑐 = −𝐹𝑥1 𝑠𝑖𝑛(𝛿) + 𝐹𝑦1 𝑐𝑜𝑠(𝛿) + 𝐹𝑦2 + 𝐹𝑦𝑡                        (3.22) 
𝐼𝑧𝑐?̇?𝑐 − 𝐼𝑥𝑧𝑐?̈?𝑐 = (−𝐹𝑥1 𝑠𝑖𝑛(𝛿) + 𝐹𝑦1 𝑐𝑜𝑠(𝛿))𝑎 − 𝐹𝑦2𝑏 − 𝐹𝑦𝑡𝑑                                  (3.23) 
(𝐼𝑥𝑥𝑐 + 𝑚𝑐𝑠ℎ𝑐
2)?̈?𝑐 − 𝐼𝑥𝑧𝑐?̇?𝑐 + 𝑚𝑐𝑠ℎ𝑐(?̇?𝑐 + 𝑟𝑐𝑈𝑐) = (𝑚𝑐𝑠𝑔ℎ𝑐 − 𝑘𝑐)𝜙𝑐 − 𝑐𝑐?̇?𝑐 + 𝐹𝑦𝑡𝑧𝑐                                                                                                      
(3.24) 
 
The equations of motion of the trailer are cast as: 
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𝑚𝑡(?̇?𝑡 − 𝑟𝑡𝑉𝑡) − 𝑚𝑡𝑠ℎ𝑡𝑟?̇?𝜙𝑡 = −𝐹𝑥3 − 𝐹𝑥𝑡𝑐𝑜 𝑠(𝜓) + 𝐹𝑦𝑡𝑠𝑖𝑛 (𝜓)                               (3.25) 
𝑚𝑡(?̇?𝑡 + 𝑟𝑡𝑈𝑡) + 𝑚𝑡𝑠ℎ𝑡 ∙ ?̈?𝑡 = 𝐹𝑦3 − 𝐹𝑦𝑡𝑐𝑜 𝑠(𝜓) − 𝐹𝑥𝑡 𝑠𝑖𝑛(𝜓)                                   (3.26) 
𝐼𝑧𝑡?̇?𝑡 − 𝐼𝑥𝑧𝑡?̈?𝑡 = −𝐹𝑦3𝑓 + (−𝐹𝑦𝑡𝑐𝑜 𝑠(𝜓) − 𝐹𝑥𝑡 𝑠𝑖𝑛(𝜓)) 𝑒                                            (3.27) 
(𝐼𝑥𝑥𝑡 + 𝑚𝑡𝑠ℎ𝑡
2)?̈?𝑡 − 𝐼𝑥𝑧𝑡?̇?𝑡 + 𝑚𝑡𝑠ℎ𝑡(?̇?𝑡 + 𝑟𝑡𝑈𝑡) = (𝑚𝑡𝑠𝑔ℎ𝑡 − 𝑘𝑡)𝜙𝑡 − 𝑐𝑡?̇?𝑡 −
(𝐹𝑦𝑡𝑐𝑜 𝑠(𝜓) + 𝐹𝑥𝑡 𝑠𝑖𝑛(𝜓)) 𝑧𝑡                                                                                        (3.28) 
In this chapter, the nonlinear tire model is based on the magic formula tire model [19]. The 
longitudinal tire force 𝐹𝑥𝑖𝑗 and the lateral force 𝐹𝑦𝑖𝑗 are defined as a function of the normal 
load 𝐹𝑧𝑖𝑗, tire longitudinal slip ratio 𝑆𝑖𝑗, and sideslip angle 𝛼𝑖𝑗 as expressed as: 
𝐹𝑥𝑖𝑗 = 𝑓𝑥(𝐹𝑧𝑖𝑗, 𝛼𝑖𝑗 , 𝑆𝑖𝑗)                     ( 𝑖 = 1, 2, 3 𝑎𝑛𝑑 𝑗 = 𝑟, 𝑙.)                                    (3.29)  
𝐹𝑦𝑖𝑗 = 𝑓𝑦(𝐹𝑧𝑖𝑗, 𝛼𝑖𝑗 , 𝑆𝑖𝑗)                     ( 𝑖 = 1, 2, 3 𝑎𝑛𝑑 𝑗 = 𝑟, 𝑙.)                                      (3.30)  
Note that subscripts 1 and 2 represent the front and rear axles of the car, and 3 represents 
the axle of the trailer; respectively, while subscripts r and l denote right and left tires; and  
𝑇𝑐 𝑎𝑛𝑑 𝑇𝑡 are the wheel tracks of the car and trailer, accordingly. 
The vertical loads of right and left tires on the car front, car rear and trailer axles are given 










































































                                                                  (3.36) 
The sideslip angles of the right and left tires on the car front and rear axle, as well as the 
trailer axle, are given by Eqs. (3.37) to (3.39). 




) − 𝛿                                                                               (3.37)  




)                                                                                    (3.38) 




) − 𝜓                                                        (3.39) 
Moreover, the longitudinal slip ratios of the right and left tires on the car front and rear, as 
well as the trailer axles, are given by Eqs. (3.40) to (3.42). 
𝑆𝑓𝑟 = 𝑆𝑓𝑙 = 𝑆𝑓 = (
𝑈𝑓−𝑈𝑓0
𝑈𝑓
) %                                                                                           (3.40) 
𝑆𝑟𝑟 = 𝑆𝑟𝑙 = 𝑆𝑟 = (
𝑈𝑟−𝑈𝑟0
𝑈𝑟
) %                                                                                           (3.41)  
𝑆𝑡𝑟 = 𝑆𝑡𝑙 = 𝑆𝑡 = (
𝑈𝑡−𝑈𝑡0
𝑈𝑡
) %                                                                                            (3.42)  
where, 𝑈𝑓 = 𝑈𝑟 = 𝑈𝑡 = 𝑈𝑐  is the longitudinal velocity of the vehicle, 𝑈𝑓0,  𝑈𝑟0 and 𝑈𝑡0 
are the velocity of tires. 
In order to simplify the computation processes, the longitudinal tire force and lateral force 
of both wheels on an axle can be combined as one force as shown in Eqs. (3.43) to (3.48): 
𝐹𝑥1 = 𝐹𝑥1𝑟 + 𝐹𝑥1𝑙                                                                                                            (3.43) 
𝐹𝑦1 = 𝐹𝑦1𝑟 + 𝐹𝑦1𝑙                                                                                                            (3.44) 
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𝐹𝑥2 = 𝐹𝑥2𝑟 + 𝐹𝑥2𝑙                                                                                                                 (3.45) 
𝐹𝑦2 = 𝐹𝑦2𝑟 + 𝐹𝑦2𝑙                                                                                                              (3.46) 
𝐹𝑥3 = 𝐹𝑥3𝑟 + 𝐹𝑥3𝑙                                                                                                               (3.47) 
𝐹𝑦3 = 𝐹𝑦3𝑟 + 𝐹𝑦3𝑙                                                                                                             (3.48) 
With necessary mathematic manipulations, the nonlinear equations describing the CT 
model can be expressed in a state-space representation as follows: 
?̇? = 𝑓𝑐𝑡(𝑋, 𝛿, 𝑈0)                                                                                                             (3.49) 
where the state variable vector is defined as: 
𝑋 = [  𝑟𝑐  𝑟𝑡  𝑉𝑐  𝑉𝑡  𝜙𝑐   𝜙𝑡  𝑈𝑐  ]
𝑇                                                                                    (3.50) 
For the nonlinear yaw-plane CT model with 4-DOF, the roll motions are neglected. All the 
other assumptions of the nonlinear 6-DOF CT model are valid for this nonlinear model. 
The respective governing equations of motion can be generated if Eq. (3.24) for the car and 
Eq. (3.28) for the trailer are neglected. 
The state variable vector of the nonlinear 4-DOF CT model is defined as: 
𝑋 = [ 𝑟𝑐  𝑟𝑡  𝑉𝑐  𝑉𝑡  𝑈𝑐 ]
𝑇                                                                                                    (3.51) 
Note that the nonlinear 4-DOF CT model will be used to show that the roll motion is an 
indispensable part in the CT dynamics analysis and the 6-DOF CT model can more 
comprehensively present the nonlinear stability characteristics of the CTSs. The nonlinear 
4-DOF CT model will not be used in future research. 
3.3.2 Nonlinear 21-DOF CarSim Model 
In the current research, the 21-DOF CT model is generated using the CarSim software 
package. The car has two axles, and the trailer has one axle. In the nonlinear CarSim model, 
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the motions considered are as follows. Each of the sprung masses is considered as a rigid 
body with 6-DOF, namely the longitudinal motion, the lateral, the vertical, the pitch, the 
roll and the yaw. The hitch joint is modelled as a ball-joint, about which the roll, yaw, and 
pitch motions are allowed. In addition to the car and trailer sprung masses, each axle 
(unsprung mass) is treated as a beam axle that can roll and bounce for the sprung mass to 
which it is attached. Individual wheel rotations are also taken into account. The resulting 
CarSim model is generated with 21-DOF [133]. The Magic Formula represents the 
nonlinear tire dynamics. The CarSim model also uses detailed nonlinear kinematic 
relationships, nonlinear spring models, and other nonlinear component models [133]. This 
nonlinear CarSim model is used to validate the 4-DOF and 6-DOF CT models and to 
perform simulations of the CT systems. 
3.3.3 CT Model Validation 
In the research, the numerical simulations for the 4-DOF and 6-DOF CT models are 
conducted in MATLAB, while the simulations for the CarSim model are performed in 
CarSim software. In this section, we compare and evaluate the 4-DOF, 6-DOF, and CarSim 
CT models. The numerical simulations are carried out under a test maneuver: the steering 
input of the car front axle wheel is shown in Fig.3.2, and the following initial vehicle 
forward speed is selected: a) 16.7 m/s (60 kph) and b) 27.8 m/s (100 kph). (Note that 60 
kph and 100 kph are common speeds on the city road and the highway.) 
3.3.3.1 Comparison of the Simulation Results Achieved under the Maneuver at 16.7 
m/s 
Figs 3.12 to 3.14 illustrate the simulation results of the nonlinear 4-DOF, 6-DOF and the 
CarSim CT modes under the test maneuver at 16.7 m/s in terms of the time history of the 
lateral acceleration, roll angle, and trajectories at the CG both of the car and trailer.  
As shown in Fig.3.12, the time histories of the lateral acceleration for both of the car, and 
trailer units of the 4-DOF, 6-DOF, and CarSim CT models are in excellent agreement, but 
the 6-DOF CT model exhibit the shortest settle time. If the peak values of the lateral 
37 
 
acceleration of the vehicle units based on the CarSim model are treated as the reference 
data, the relative errors of the results for the 4-DOF or 6-DOF CT models and the CarSim 
model can be calculated. For the 4-DOF CT model, the minimum relative error of the peak 
value is 0.082%, and the maximum relative error of the peak value is 0.825% (absolute 
value). For the 6-DOF model, the minimum relative error of the peak value is 0.046% 
(absolute value), and the maximum relative error of the peak value is 0.658%. 
 
Figure 3.12 Time history of the lateral acceleration at the CG both of the car and trailer 
under the test maneuver at 𝑈0 = 16.7 𝑚/𝑠 for 4-DOF, 6-DOF, and CarSim CT models. 
Fig.3.13 shows the time history of the sprung mass roll angle at the CG for both of the car 
and trailer units of the 6-DOF and the CarSim CT models. The peak values of the time 
history of the sprung mass roll angle of the vehicle units for the two models can be 
identified from the simulation results. The relative errors of the peak values for the 6-DOF 
CT model for the CarSim model are also calculated. Among the four relative errors of the 
peak value, the maximum is 18.26%. Thus, regarding the sprung mass roll angle, the 6-




Figure 3.13 Time history of the roll angle at the CG both of the car and trailer units under 
the test maneuver at 𝑈0 = 16.7 𝑚/𝑠 for the 6-DOF and the CarSim CT models. 
Fig.3.14 shows the trajectories of the CG both of the car and trailer for the 4-DOF, 6-DOF, 
and CarSim CT models. In the case of the trajectory of the car, the peak value of the 
overshoot for 4-DOF, 6-DOF, and CarSim CT models are 2.781 m, 2.783 m, and 2.78 m, 
respectively. If the peak value for the CarSim model is treated as the baseline case, the 
relative errors for the 4-DOF and 6-DOF models are 0.003% and 0.009%, accordingly. In 
the case of the trajectory of the trailer, the peak value for 4-DOF, 6-DOF, and CarSim CT 
models are 2.857m, 2.860 m, and 2.843 m, respectively. Once again, if the peak value for 
the CarSim model is treated as the reference case, the relative errors for the 4-DOF and 6-




Figure 3.14 Trajectories at the CG both of the car, and trailer units under the emergency 
test maneuver at 𝑈0 = 16.7 𝑚/𝑠 for the 4-DOF, 6-DOF, and CarSim CT models. 
The above analysis indicates that under the test maneuver at 163.7 m/s, the simulation 
results of 4-DOF and 6-DOF CT models achieve an excellent agreement, and they match 
the simulation results of the CarSim model quite well. 
3.3.3.2 Comparison of the Simulation Results Achieved under the Maneuver at 27.8 
m/s 
Figs3.15 to 3.17 illustrate simulation results of the 4-DOF, 6-DOF, and CarSim CT models 
under the test maneuver at 27.8 m/s in terms of the time history of the lateral acceleration 
and roll angle, as well as trajectories at the CG both of the car and trailer. 
Fig.3.15 shows the time history of the lateral acceleration of both the car and trailer for the 
three models. As shown in Fig.3.15, the simulation results of the 4-DOF and 6-DOF CT 
models are in good agreement, and the results of the two models match well with those of 
the CarSim model within the first cycle of oscillation. If the first positive and negative peak 
values of the lateral acceleration of the car and the trailer based on the CarSim are 
considered as the baseline case. In the case of the 4-DOF CT model, among the four relative 
errors of the peak values of the model for the CarSim model, the minimum, and the 
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maximum relative errors are 0.68% and 6.57%. Similarly, in the case of the 6-DOF CT 
model, the minimum, and the maximum relative errors are 0.43% and 4.64%. However, 
after the first cycle of oscillation, the lateral accelerations of vehicle units for the CarSim 
model die out with time much slower than those for 4-DOF and 6-DOF CT models. 
 
Figure 3.15 Time history of the lateral acceleration at the CG both of the car, and trailer 
units under the test maneuver at 𝑈0 = 27.8 𝑚/𝑠  for 4-DOF, 6-DOF, and CarSim CT 
models. 
The above analysis indicates that even if the trailer’s lateral acceleration reaches as high as 
0.5181 g, the simulation results based on the 4-DOF and 6-DOF CT models match well 
with those of the CarSim model. 
Fig.3.16 shows the time history of the sprung mass roll angle of the 6-DOF and the CarSim 
CT models. In the case of the trailer sprung mass roll angle, except for the high-frequency 
oscillation for the CarSim model, within the first cycle, the simulation results for the two 
models are in good agreement. However, in the case of the car sprung mass roll angle, the 
simulation result of the 6-DOF CT model significantly deviates from that of the CarSim 
model, which may be attributed to the facts that in the CarSim model, the nonlinear 
dynamic characteristics of the suspension spring and damping components are considered, 
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while in the 6-DOF CT model, only linear dynamic features of the suspension components 
are taken into account.  
 
Figure 3.16 Time history of the roll angle at the CG of both the car and trailer under the 
test maneuver at 𝑈0 = 27.8 𝑚/𝑠 for the 6-DOF and the CarSim CT models. 
With respect to the simulation results shown in Fig.3.14 under the maneuver at 16.7 m/s, 
in the case of the maneuver at 27.8 m/s, the trajectories of the vehicle units shown in 
Fig.3.17 indicate that for all the three nonlinear CT models, the cornering tire force 
saturation occurs, and the single lane-change can’t be successfully implemented. The 
nonlinear dynamics of the three models are exhibited. Once again, the simulation results 
shown in Fig.3.17 indicate that the 4-DOF and 6-DOF CT models are in good agreement, 
while the simulation results based on the two models deviate a little bit from that of the 
CarSim model. This observation can be explained by the fact that in the Magic Formula 
tire model used in the 4-DOF and 6-DOF CT models, the test-data-based coefficients do 




Figure 3.17 Trajectories at the CG both of the car and trailer under the test maneuver at 
𝑈0 = 27.8 𝑚/𝑠 for 4-DOF, 6-DOF, and CarSim CT models. 
Fig.3.18 shows the relationship between the tire lateral tire force and the tire sideslip angle 
based on three CT models. As the simulation results have shown, the simulation results are 
in good agreement: the tire sideslip angle increases with time, but the lateral tire force will 
be saturated once the tire sideslip angle reaches a specific value. For the car front wheel, 
the lateral force will be saturated at approximately 1.4 KN. The lateral force of car rear 
wheel will be saturated at approximately 1.3 KN. For the trailer wheel, the saturation value 
is approximately 1.1 KN. Once again, all simulation results indicate that the lateral tire 
force of the trailer wheel will be the first to be saturated. Hence, the trailer is the first to 
lose stability in the CT system. In another word, to develop an active safety trailer 




Figure 3.18 Car -Trailer tires side-slip angle vs. lateral force under the test maneuver at 
𝑈0 = 27.8 𝑚/𝑠 for 4-DOF, 6-DOF, and CarSim CT models. 
The above analysis indicates that under the test maneuver at 16.7 m/s and 27.8 m/s, the 
simulation results of the nonlinear 6-DOF CT model match the CarSim model quite well. 
Hence, the nonlinear 6-DOF CT model can be used to analyze the nonlinear stability and 
design AVSSs for CT systems. 
3.4  Summary 
In this chapter, the nonlinear 4-DOF yaw-roll single-unit vehicle model, the nonlinear 6-
DOF yaw-roll and the 4-DOF yaw-plane CT models are generated and validated by the 14-
DOF vehicle and the 21-DOF CT CarSim models, respectively. 
Based on the above validated results, under the test maneuver at 𝑈0 = 16.7 𝑚/𝑠 and 𝑈0 =
27.8 𝑚/𝑠, the simulation results of the nonlinear 4-DOF single-unit vehicle model and the 
nonlinear 6-DOF CT model match the CarSim models quite well. Hence, these two 
nonlinear road vehicle models will be used to analyze the nonlinear stability and design 
road safety systems for single-unit vehicles and multi-unit vehicles, i.e. CT systems.  
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Chapter 4                                             
Nonlinear Stability Analysis and DYC 
Design for Autonomous Single-Unit 
Vehicle Dynamic Systems 
4.1  Introduction 
This chapter examines the nonlinear dynamic features and evaluates the effectiveness of 
active vehicle safety systems (AVSSs) of an autonomous single-unit vehicle dynamic 
system. To this end, the nonlinear 4-DOF yaw-roll single-unit vehicle model is built as an 
autonomous dynamic system to examine the steady-state characteristics through 
bifurcation analysis. The AVSS is designed based on direct yaw moment control (DYC) 
for the autonomous dynamic system. The nonlinear stability analysis presented in the 
chapter provides guidelines for designing and developing AVSSs to enhance the safety of 
single-unit vehicles. Rest of the chapter is organized as follows: Section 4.2 presents the 
nonlinear stability analysis of the autonomous dynamic system; Section 4.3 designs the 
DYC controller for the autonomous dynamic system; And a brief summary is come up with 
as the end of the chapter. 
4.2  Nonlinear Stability Analysis of Autonomous Vehicle 
Dynamic Systems 
Based on the state function of the 4-DOF nonlinear vehicle model represented by Eqs. (3.2) 
to (3.4), the longitudinal motion will be ignored, and the forward speed is treated as 
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constant (U= 𝑈0). Under the condition of ?̇? = 0, the equilibrium state function of the 
autonomous vehicle dynamic system is written as: 
m𝑟𝑈0 = 𝐹𝑦1 𝑐𝑜𝑠(𝛿) + 𝐹𝑦2                                                                                               (4.1) 
0 = 𝐹𝑦1cos (𝛿)𝑎 − 𝐹𝑦2𝑏                                                                                                   (4.2) 
𝑚𝑠ℎ𝑟𝑈0 = (𝑚𝑠𝑔ℎ − 𝑘)𝜙                                                                                                (4.3) 
With necessary mathematic manipulations, the autonomous vehicle dynamic system can 
be expressed in a state-space representation as follows: 
0 = 𝑓(𝑋, 𝑃)                                                                                                                      (4.4) 
where 𝑃 is a parameter set, and the state variable vector 𝑋 is defined as: 
𝑋 = [ 𝑟  𝑉  𝜙 ]𝑇                                                                                                                  (4.5)  
4.2.1 Handling Characteristics Analysis 
Based on Eq. (4.1), the lateral acceleration of the vehicle can be set as: 
𝑎𝑦 = 𝑟𝑈0                                                                                                                          (4.6) 
Hence, Eqs. (4.1) to (4.3) can be rewritten using 𝑎𝑦, the tire lateral forces and the roll angle 












                                                                                                                    (4.9) 
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where the tire lateral forces are nonlinear functions of tire side slip angles determined by 
the Magic Formula tire model.  
According to Eqs. (4.7) and (4.8), three handling behaviors of the nonlinear vehicle model 
are identified depending on the nonlinear tire model parameters and shown in Fig.4.1:when 
the front tire and the rear tire keep the same side slip angle, (a) if the lateral acceleration of 
the rear tire always be larger than the front tire, the vehicle presents the understeering (US) 
behaviour; (b) if the lateral acceleration of the front tire always be larger than the rear tire, 
the vehicle presents the oversteering (OS) behaviour; (c) if the lateral acceleration of the 
front tire always is equated the rear tire, the vehicle presents neutral steering (NS) 
behaviour.
(a) (b) (c)
Figure 4.1 Three handling behaviours of the single-unit vehicle: (a) US; (b) OS and (c) NS.  
To examine the effect of the CG location on the steady-state handling behaviours of the 





Figure 4.2 Vehicle’s steady-state handling characteristics with varied CG locations: (a) 
representation of vehicle body orientation; (b) three steady-state handling behaviors; and 
(c) a closed observation. 
4.2.2 Nonlinear Stability Analysis 
The first Lyapunov stability analysis method is a powerful tool to determine the stability 
of equilibrium points, which will be employed and introduced in this thesis. 
With necessary mathematic manipulations, the nonlinear equations describing the 
autonomous vehicle model can be expressed in a state-space representation as follows: 
0 = 𝑓(𝑋𝑝, 𝑝)                                                                                                                   (4.10) 
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where 𝑝 is a parameter, and 𝑋𝑝 is the corresponding solution, which is considered as the 
equilibrium point of the autonomous nonlinear dynamic system, the state variable 
vector 𝑋𝑝 is defined as: 
𝑋𝑝 = [ 𝑟𝑝  𝑉𝑝  𝜙𝑝 ]
𝑇                                                                                                        (4.11) 
Setting: 
𝑍 = 𝑋 − 𝑋𝑝                                                                                                                                  (4.12) 
Gives: 
?̇? = 𝐽(𝑝) ∙ 𝑍 + 𝑂(|𝑍|2)                                                                                                              (4.13) 
where 𝑂(|𝑍|2) is an infinitesimal of higher-order in the neighbourhood of the equilibrium, 
and 𝐽(𝑝) is the Jacobian matrix of 𝑓(𝑋, 𝑝)  at the equilibrium point 𝑋 = 𝑋𝑝. The Jacobian 




                                                                                                                           (4.14) 
According to the first Lyapunov stability analysis method, at an equilibrium point 𝑋𝑝, the 
differential equation is stable if all the eigenvalues of the Jacobian matrix 𝐽(𝑝) evaluated 
at 𝑋𝑝  have negative real parts. The equilibrium point is unstable if at least one of the 
eigenvalues has a positive real part [39]. Moreover, the dynamic system is stable as far as 
system states are close to equilibrium points. 
In general, the behaviours and the equilibrium points of a nonlinear dynamic system may 
change with varying parameters. A periodic solution can be solved at an equilibrium point. 
The respective value of the parameter is known as “bifurcation value” when these changes 
occur, and the varied parameter is called the “bifurcation parameter” [40]. 
In this subsection, a bifurcation analysis is conducted using the handling diagram method 
and the first Lyapunov stability method to examine equilibrium states under different 
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steady-state cornering conditions by two case studies. In Case One, with Eqs. (4.1)- (4.3), 
the bifurcation analysis is executed with 𝛿 = 0.0175 𝑟𝑎𝑑 and the bifurcation parameter 𝑈0 
varying from 5 to 40 m/s with a step increase of 1 m/s. In Case Two, two bifurcation 
parameters 𝛿  and 𝑈0  are chose, 𝛿  varies from 0  to 0.2975 𝑟𝑎𝑑  with a step increase 
of 0.0175 𝑟𝑎𝑑, and 𝑈0 varies from 5 to 40 m/s with a step increase of 1 m/s. 
The following steady-state or extended variables will be presented in the relevant 
bifurcation diagrams to evaluate the lateral stability and handling performance effectively: 
1) yaw rate, 𝑟, lateral velocity, 𝑉, and sprung-mass roll angle, 𝜙, to show equilibrium 
points 𝑋𝑝 of the nonlinear vehicle dynamic system; and 2) lateral acceleration, 𝑎𝑦, side-
slip angle, 𝛽 = arctan (
𝑉
𝑈




 to describe the specific dynamic 
features of the nonlinear vehicle model. Note that in the following bifurcation diagrams of 
this chapter, stable and unstable equilibrium points are identified in blue (E2) and red 
(E1)/turquoise (E3), respectively. 
4.2.2.1 Case One 
4.2.2.1.1 Understeering (US) vehicle behavior 
Fig.4.3 shows the selected bifurcation diagrams of the US vehicle behaviour (The nonlinear 
vehicle model parameters are shown as Table C1 in Appendix A.) with bifurcation 
parameter 𝑈0 in terms of (a) 𝑟, (b) 𝑉 , (c) 𝜙, (d) 𝑎𝑦, (e) 𝛽, and (f) 𝑅. Observation of all 
bifurcation diagrams shown in Fig.4.3 discloses that: 
1. In Fig.4.3 (a), (b) and (c), there only one stable equilibrium point (blue) exists within 
the various ranges of 𝑈0. Hence, the US vehicle is stable under the Case One test. In 
Fig.4.3 (a), yaw rate 𝑟 increases with 𝑈0 and touches the maximum 0.1335 rad/s at 32 
m/s; after that, 𝑟 decreases with  𝑈0 and maintains a small value. In Fig.4.3 (b), lateral 
velocity 𝑉 increases with  𝑈0 after 11 m/s into reverse. In Fig.4.3 (c), roll angle 𝜙 also 
increases with  𝑈0 into reverse. 
2. In Fig.4.3 (d), (e) and (f), three extended variables: lateral acceleration, 𝑎𝑦, side-slip 
angle, 𝛽 and turning radius, R are presented. In Fig.4.3 (d), 𝑎𝑦 increases with  U0 and 
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the maximum 𝑎𝑦 is 0.51 g at 40 m/s, but it never reaches the saturation. Hence, the US 
vehicle keeps good lateral stability under the Case One test. In Fig.4.3 (e), 𝛽 decreases 
with 𝑈0 at low-speed range (5 m/s – 19 m/s) and crosses zero at 20m/s; after that, it 
will increase with 𝑈0 in the high-speed range (21 m/s – 40 m/s) and reaches the 
maximum -0.025 rad at 40 m/s. Hence, the yaw stability of the US vehicle will be 












Figure 4.3 The US vehicle bifurcation diagram for Case One: (a) 𝑟 vs  𝑈0, (b) 𝑉 vs 𝑈0, (c) 
𝜙 vs 𝑈0, (d) 𝑎𝑦 vs 𝑈0, (e) 𝛽 vs 𝑈0, and (f) 𝑅 vs 𝑈0. 
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Two handling diagrams are presented in Fig.4.4 to validate the bifurcation analysis results. 
In Fig.4.4 (a), the side slip angle error between the front and rear tire 𝛼𝑓 − 𝛼𝑟 is always 
more significant than zero, and the error increases with 𝑎𝑦, which confirms that the vehicle 
exhibits US behaviour. Fig.4.4 (b) shows the relationship between the tire lateral force 𝐹𝑦 
and the tire side slip angle 𝛼. As seen in Fig.4.4 (b), 𝐹𝑦 and 𝛼 have an approximately linear 
relationship, meaning that the front and the rear tire can provide sufficient tire lateral forces 
to allow the vehicle to execute the given maneuver and maintain lateral stability. To 
achieve a given tire sideslip angle, the lateral force of the rear tire is always more significant 
than that of the front tire. 
(a) (b) 
Figure 4.4 The US vehicle handling diagrams for Case One: (a) 𝑎𝑦 vs 𝛼𝑓 − 𝛼𝑟, and (b) 𝐹𝑦 
vs 𝛼. 
According to the first Lyapunov stability method, in the neighbourhood of the equilibrium 
point 𝑋𝑝, the nonlinear dynamic system can be linearized by the Jacobian matrix 𝐽(𝑝) of 
the corresponding differential equations. If the eigenvalues of 𝐽(𝑝) evaluated at 𝑋𝑝 only 
have negative real parts, implying that 𝑋𝑝 is the stable equilibrium point and the dynamic 
system is stable as far as the system states are close to 𝑋𝑝. Fig.4.5 (a) and (b) show the 
eigenvalues and damping ratios of all equilibrium points. As seen in Fig.4.5 (a), all 
eigenvalues have negative real parts, which indicate that the vehicle system with the US 
behaviour has stable equilibrium points. Fig.4.5 (b) shows the bifurcation diagrams of the 
damping ratios, which can be derived by the respective eigenvalues shown in Fig.4.5 (a). 
Each trajectory of damping ratio represents one motion mode. For this vehicle dynamic 




There are two damping ratio trajectories in Fig.4.5 (b), implying that two motion modes of 
the US vehicle model can be inspired in over the test maneuver. For mode 1, the damping 
ratio decreases with 𝑈0  from 1.0, meaning that mode 1 will become less stable as 𝑈0 
increases. For mode 2, the damping ratio will vary with U0, but will be a constant value 
after 40 m/s, which means that mode 2 will remain stable above 40 m/s. Comparing with 
three vehicle lateral stability indicators 𝑎𝑦, 𝛽, and 𝜙 as shown in the Fig.4.3 (d), (e) and 
(c), respectively, we can find that the roll angle 𝜙 will remain constant after 60 m/s, the 
lateral acceleration 𝑎𝑦 will increase after 10 m/s, and the sideslip angle 𝛽 always keeps a 
small value in test speed range. Hence, we have an inference: for the US vehicle behaviour, 
mode 1 is the lateral and yaw combined motion, and mode 2 represents the roll motion 
mode. Interestingly, the yaw motion mode is not inspired by the Case One test. 
(a) (b)
Figure 4.5 The US vehicle stability analysis of equilibrium points for Case One: (a) 
Eigenvalues, and (b) Damping ratio.
Two individual equilibrium points 𝑒  𝛿−𝑈0 are chosen at 𝑈0 = 10, and 32 𝑚/𝑠 with  𝛿 =
0.0175 𝑟𝑎𝑑  as  𝑒1−10 and 𝑒1−32  to validate the inference achieved from the above 
discussion. One initial point 𝑝1 is selected to study nonlinear dynamics characteristics in 






Table 4.1 The values of state variables for the vehicle with US characteristic at the 
equilibrium and initial points at 𝑈0 = 10 𝑎𝑛𝑑 32 𝑚/𝑠 and with 𝛿 = 0.0175 𝑟𝑎𝑑. 
 𝜙(rad) 𝑟(rad/s) 𝑉(m/s) 
𝑒1−10 -0.0022 0.0610 0.0797 
𝑒1−32 -0.0157 0.1335 -0.5279 
𝑝1 -0.01 0.1 -1 
The 3D phase portraits of 𝑝1 (represented by a red star), and 𝑒1−10, 𝑒1−32 (represented by 
a blue star) are shown in Fig.4.14 (a) and (b)  to analyze the lateral stability of the vehicle 
system. According to the Lyapunov stability method, multiple trajectories will propagate 
toward the stable equilibrium point, and propagate away from the unstable equilibrium 
point. Hence, equilibrium points 𝑒1−10, 𝑒1−32 are stable. 
(a) (b)
Figure 4.6 Phase portraits for the US vehicle at Case One around (a)𝑒1−10 𝑎𝑛𝑑 (b)𝑒1−32. 
Fig.4.7 (a) and (b) illustrates simulation results in terms of the time history of the US 
vehicle behaviour based on the initial point 𝑝1  at 𝑈0 = 10 and 32 𝑚/𝑠  , and  𝛿 =
0.0175 𝑟𝑎𝑑, respectively. Based on the simulation results, all state variables based on 𝑝1 
can propagate back the equilibrium state  𝑒1−10 𝑎𝑛𝑑 𝑒1−32 , and the vehicle dynamics 
behaviour can be divided into two parts: the transient state and the steady-state. However, 
with 𝑈0 increasing, the system needs more time to transfer from the transient state to the 





Figure 4.7 Time history of state variables of the US vehicle with the initial point 𝑝1 at 
(a) 10 𝑚/𝑠 and (b) 32 𝑚/𝑠. 
Fig.4.8 presents trajectories of the US vehicle body from the initial point 𝑝1 with different 
forward speeds. In the figure, the US vehicle travels following a constant turning radius 
circle after a limit transient time. Thus, it is demonstrated that a vehicle system with US 
dynamic behaviour is stable. However, compared with the NS case, the turning radius of 
the vehicle increases with the forward speed at the same steering angle input. 
 
Figure 4.8 Trajectories of the US vehicle model’s body around 𝑒1−10 and 𝑒1−32. 
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Based on Fig.4.7, the motion modes of the vehicle observed in the transient state-stage are 
shown in Fig.4.9, and those observed in the steady-state stage are shown in Fig.4.10. 
Fig.4.9 shows the transient state stage of the US vehicle motion. The vehicle can keep 
excellent lateral stability under 10 m/s with a small side-slip angle  𝛽 . However, 𝛽 
decreases with time and keeps a more significant value under 32 m/s. That means the yaw 
stability of the US vehicle will decrease with increasing forward speeds in the transient 
state stage. 
 
Figure 4.9 The motion modes of the US vehicle observed in the transient state stage 
at: 10 𝑚/𝑠, and 32 𝑚/𝑠. 
Fig.4.10 illustrated the steady-state stage of the vehicle motion, at both of the test speeds, 




Figure 4.10 The motion modes of the US vehicle observed in the steady-state stage at 
different, forward speeds: 10 𝑚/𝑠 and 32 𝑚/𝑠. 
4.2.2.1.2 Oversteering (OS) vehicle behavior 
Fig.4.11 shows the selected bifurcation diagrams of the vehicle with OS characteristics 
(The nonlinear vehicle model parameters are shown as Table C2 in Appendix A.) in terms 
of (a) 𝑟 vs 𝑈0, (b) 𝑉 vs 𝑈0, (c) 𝜙 vs 𝑈0, (d) 𝑎𝑦 vs 𝑈0, (e) 𝛽 vs 𝑈0, and (f) 𝑅 vs 𝑈0. Note that 
in the bifurcation diagrams, stable and unstable equilibrium points are identified in blue 
and red/turquoise stars, respectively. Two handling diagrams are presented in Fig.4.12 to 
validate the bifurcation analysis results by the relationship between the tire side slip angle 
error 𝛼𝑓 − 𝛼𝑟 and lateral acceleration 𝑎𝑦, and the tire lateral force 𝐹𝑦 and the tire side slip 
angle 𝛼.  
Observation of all the bifurcation diagrams shown in Figs.4.11 and 4.12 discloses that: 
• As shown in Fig.4.11, there exist two unstable equilibrium points (E1 denoted by the 
red star and E3 by the turquoise star) and one stable equilibrium point (E2 represented 
by the blue star) with bifurcation parameter 𝑈0. If  𝑈0 bellows 23 m/s, a bifurcation 
phenomenon between E1 and E2 occurs; above 23 m/s, there exists only one unstable 
point (E3). According to the first Lyapunov stability method, if a nonlinear dynamic 
system is stable, the system should have at least one stable equilibrium point [40]. 
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Therefore, the vehicle with OS behaviors is unstable at 𝑈0 above 23 m/s under the test 
maneuver. Thus, 𝑈0 = 23𝑚/𝑠  can be defined as the critical speed.  As shown in 
Fig.4.11 (a), if  𝑈0 bellows 23 m/s, all state variables (absolute values) at equilibrium 
points E2 are smaller than their counterparts at unstable equilibrium points E1 and E3; 
interestingly, all state variables (absolute values) at equilibrium points E2 increase with 
𝑈0 until to 23 m/s, For unstable equilibrium point E1, yaw rate 𝑟 decreases with U0 
from the maximum value of 1.251 rad/s at 5 m/s to 0.242 rad/s at 23 m/s. Hence, the 
vehicle will lose yaw stability around the unstable equilibrium points E1 before 23 m/s. 
As seen in Fig.4.11 (b), for equilibrium points E3, initially as 𝑈0 increases, the lateral 
velocity 𝑉 drops a little bit; then, 𝑉 increases with 𝑈0. It may be predicted that around 
unstable equilibrium points E3, the lateral motion will dominate at high speed. At both 
equilibrium points E1 and E3, the variation of 𝑉 are not obvious in the vehicle forward 
speed range blows 23 m/s. Fig.4.11(c), the sprung mass roll angle 𝜙 at each equilibrium 
is bounded within the range of -0.025~+0.025 rad. Thus, it can be concluded that the 
vehicle keeps roll stability under the simulated testing maneuver. Note that as shown 
in Fig.4.11(a), (b) and (c), the positive or negative sign of the state variables at 
equilibrium point E3 is opposite to those of equilibrium point E1 and E2 at a given 
vehicle forward speed below the critical speed. Essentially, equilibrium E3 corresponds 
to a heteroclinic bifurcation phenomenon [41]. 
• Fig.4.11 (d), (e) and (f) show the relationship between  𝑈0 and the three extended state 
variables, i.e., lateral acceleration 𝑎𝑦, side-slip angle 𝛽, and turning radius 𝑅. As seen 
in Fig.4.11 (d), 𝑎𝑦  at the equilibrium points E2 increases with  𝑈0  and reaches the 
maximum value of 0.42g at 23 m/s but always keeps stable. Combining Fig.4.12 (b), 
for equilibrium points E2, the lateral tire force also is not saturated. Hence, the vehicle 
around E2 can keep lateral stability. However, for equilibrium points E1 and E3, within 
the same vehicle forward speed range, 𝑎𝑦 is above 0.6g (absolute value), the lateral tire 
force is saturated, and the vehicle around E1 and E3 loses lateral stability. As seen in 
Fig.4.11 (e), only equilibrium points E2 can keep small value of 𝛽, that means the 
vehicle around E1 and E3 loses yaw stability due to large side slip angle. The handling 
characteristics of the vehicle also can be determined in Fig.4.11 (f) by turning radius𝑅. 
For comparison, the turning radius for the NS steady-state characteristic ( 𝑅0 =
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158.8𝑚) is noted by a black line. For equilibrium points E2, 𝑅0 decreases from the 
initial value of 158.8𝑚 to the value of 128.6m at 23 m/s. As analyzed previously, 
around E2, the motions of the vehicle are OS but stable. For equilibriums E1, initially 
𝑅0 is very small, and the vehicle exhibits yaw instability, and increases and reaches the 
value of 128.6m at 23 m/s. Hence, 128.6m can be defined as the minimum turning 
radius. For equilibrium points E3, 𝑅0 increases with  𝑈0 but with the invers direction 
of E1.  Fig.4.12 (a) can confirm above analysis by the relationship between the tire side 









Figure 4.11 Bifurcation diagrams of the vehicle with OS characteristics vehicle for Case 





Figure 4.12 Handling diagram with OS characteristics vehicle for Case One: (a) 𝛼𝑓 − 𝛼𝑟 
vs 𝑎𝑦; (b) 𝐹𝑦 vs 𝛼. 
The eigenvalues of equilibrium points E1, E2 and E3 are presented in Fig.4.13 (a), (c) and 
(e), respectively, and the corresponding damping ratios are shown in Fig.4.13 (b), (d) and 
(f), accordingly. Within the given vehicle forward speed range, only E2 hasn’t positive real 
parts and negative damping ratio. Hence the vehicle’s motion of E2 is dominated by two 
stable motion modes. However, for both E1 and E3, the vehicle’s motion is dominated by 
three motion modes, among which two are stable, and one is unstable. 
Comparing with three vehicle lateral stability indicators 𝜙, 𝑎𝑦 and 𝛽  as shown in the 
Fig.4.11 (c, d and e), we can find that: 
• For E2 equilibrium state, 𝑎𝑦 will increase with  U0 but never touch the saturation value. 
  𝜙 also, will increase with  U0 but still keep the small value. 𝛽 always change around 
the zero. Hence, the mode 1 should represent the roll and yaw motion modes. The mode 
2 should represent the lateral motion mode.  
• For E1 and E3 equilibrium states, 𝑎𝑦 always keeps the constant value and smaller than 
the saturation value.  𝜙 also keep the small value. But 𝛽 have some large value than 0.3 
rad that means the vehicle will lose the yaw stability. Hence, we have an inference: In 
the E1 and E3 equilibrium states of OS vehicle model under Case One test, the mode 






(a) Eigenvalues of E2 (b) Damping ratio of E2
(c) Eigenvalues of E1 (d) Damping ratio of E1
(e) Eigenvalues of E3 (f) Damping ratio of E3
Figure 4.13 OS characteristics vehicle linear stability analysis at equilibrium points for 
Case One: eigenvalues (a), (c) and (e); and damping ratios (b), (d) and (f). 
In order to validate all inference achieved from the above discussion about the vehicle with 
OS characteristic, some individual equilibrium points 𝑒𝑛
𝛿−𝑈0 are chosen at 𝑈0 =
5 and 27.8 m/s with 𝛿 = 0.0175 𝑟𝑎𝑑 . These equilibrium points are denoted 
as 𝑒𝑛
1−5 𝑎𝑛𝑑 𝑒𝑛
1−27.8. Note that the subscript 𝑛 is defined as the number of the equilibrium 
point, i.e. , 𝐸𝑛, 𝑛 = 1,2,3 . Moreover, relevant initial points 𝑝𝑛
𝛿−𝑈0 are chosen in the 
neighbourhood of these equilibrium points to study nonlinear dynamics features of the 
vehicle at the low and high speeds. 
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4.2.2.1.2.1 Low-speed case 




3−5,  and the values of the state variables at the equilibrium points are shown 
in Table 4.2. In order to study the nonlinear system dynamic characteristic of the vehicle 




3−5are chosen, and the values of the state variables at the three initial points 
are given in Table 4.2. 
Table 4.2 The values of state variables for the vehicle with OS characteristic at the 
equilibrium and initial points under 𝑈0 = 5 𝑚/𝑠 and 𝛿 = 0.0175 𝑟𝑎𝑑. 
 𝜙(rad) 𝑟(rad/s) 𝑉(m/s) 
𝑒1
1−5 -0.0229 1.2513 -1.4314 
𝑒2
1−5 -0.0006 0.0317 0.0521 
𝑒3
1−5 0.0229 -1.2494 1.6038 
𝑝1
1−5 -0.03 1.5 -2 
𝑝2
1−5 -0.01 0.5 0.5 
𝑝3
1−5 0.03 -1.5 2 
The phase portraits of 𝑝1
1−5, 𝑝2
1−5, 𝑝3




(denoted by blue stars), are shown in Fig.4.14. Around𝑒1
1−5and 𝑒3
1−5, the trajectories from 
𝑝1
1−5 and 𝑝3
1−5, propagate away from these equilibrium points. In contrast, around  𝑒2
1−5, 
the trajectory from 𝑝2
1−5 propagates towards the equilibrium point. Based on the first 
Lyapunov stability method, only 𝑒2




Figure 4.14 Phase portraits for the vehicle with OS characteristic for Case One at 𝑈0 =
5 𝑚/𝑠. 
Fig.4.15 (a), (b) and (c) illustrate simulation results in terms of the time history of the lateral 




1−5, to study the lateral, yaw, roll stability and the handling behavior of 
the vehicle with OS characteristic around stable and unstable equilibrium points at low 
speed, respectively. As shown in Fig.4.15 (a) and (c), all state variables based on 
𝑝1
1−5 and 𝑝3
1−5 show similar trajectories with the opposite direction, and neither of them 
propagate back to stable states 𝑒1
1−5 and 𝑒3
1−5. However, all state variables based on 𝑝2
1−5 
will be convergent and propagate back to the stable state 𝑒2
1−5 after 1.16 s. In other words, 
the vehicle with OS characteristic runs in the transient state for 1.16 s. After that, the 
vehicle will move in the steady-state and run following a circle with a constant turning 









Figure 4.15 Time history of state variables of the vehicle with OS characteristic at 𝑈0 =
5 𝑚/𝑠: (a) 𝑝1
1−5, (b) 𝑝2
1−5 and (c) 𝑝3
1−5. 
To clearly describe the handling performance of the vehicle, four CG trajectories of the 
vehicle are presented from the initial points 𝑝1
1−5, 𝑝2
1−5 and 𝑝3
1−5 under 5 𝑚/𝑠 and 𝛿 =
0.0175 𝑟𝑎𝑑 in Fig.4.16. As seen in the figure, the vehicle can run following a constant 
turning radius circle from the initial point 𝑝2
1−5 after a period of 1.16 s. However, compared 
with the NS case, the turning radius of the vehicle is smaller. Hence, it can be confirmed 
that the vehicle system is stable under OS handling characteristic around the equilibrium 
point 𝑒2
1−5. As shown in the Fig.4.15 and Table.4.2, it is observed that the state variables 
at initial points 𝑝1
1−5 and 𝑝3
1−5 have the same magnitude but with the opposite sign. As 
shown in Fig.4.16, from the initial points 𝑝1
1−5 and 𝑝3
1−5, the respective trajectories are 








1−5 at 𝑈0 = 5 𝑚/𝑠. 
As shown in Fig.4.15, the time history of the state variables of the vehicle with OS 
characteristic with the initial point of  𝑝2
1−5  can be divided into two phases, namely, 
transient state and steady-state. However, from the initial points  𝑝1
1−5 and 𝑝3
1−5 , the 
respective state variables of the vehicle cannot converge to the steady-state. 
Hence, to exam the lateral stability of the vehicle, the motion modes of the vehicle starting 
from the initial points of 𝑝1
1−5 and 𝑝3
1−5 are shown in Fig.4.17 (a) and (b). The motion 
modes of the vehicle in the transient state and the steady-state of the 𝑝2
1−5  case are shown 
in Fig.4.18 (a) and (b).  
As shown in Fig.4.17 (a), the vehicle body of the 𝑝1
1−5 case cannot follow the same 
trajectory as the neutral steering (NS) vehicle and lose lateral stability. The side-slip angle, 
𝛽 increases with time causing the vehicle body to misalign with the vehicle body’s OG 
point, and the more massive lateral acceleration 𝑎𝑦 causes the vehicle to lose right direction 
and lateral stability. For the 𝑝3
1−5 case, as shown in Fig.4.17 (b), the vehicle body shows a 





1−5 cases, the OS vehicle model shows much worse handling performance and 
yaw instability motion. 
(a) (b) 
Figure 4.17 The motion modes of the vehicle at a forward speed of 𝑈0 = 5 𝑚/𝑠  and 
starting from the initial points: (a) 𝑝1
1−5 and (b) 𝑝3
1−5. 
Compared with the motion modes shown in Fig.4.17, the motion modes of the vehicle 
starting from the initial point 𝑝2
1−5 shows the transient state and the steady-state in Fig.4.18 
(a) and (b). In the transient state phase, the vehicle body is stable and moves to the steady-
state phase after a short time. As shown in Fig.4.18 (b), side-slip angle, 𝛽  decreases with 
time and keeps a small value. That means the vehicle with OS characteristic can maintain 
good lateral stability around the equilibrium point under low forward speeds in the transient 
state stage. The Fig.4.18 (b) shows the motion modes of the vehicle in the steady-state 






Figure 4.18 The motion modes of the vehicle with OS characteristic starting from the initial 
point 𝑝2
1−5 at a forward speed of 𝑈0 = 5 𝑚/𝑠: (a) the transient state phase, and (b) the 
steady state phase. 
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4.2.2.1.2.2 High-speed case 
At 𝑈0 = 27.8 𝑚/𝑠 and 𝛿 = 0.0175 𝑟𝑎𝑑, the vehicle with OS characteristic has only one 
equilibrium point, namely, 𝑒3
1−27.8. To study the nonlinear dynamics features of the vehicle 
in the neighborhood of 𝑒3
1−27.8, one initial point 𝑝3
1−27.8 is chosen, and the values of the 
state variables at  𝑒3
1−27.8 and 𝑝3
1−27.8 are also offered in Table.4.3. 
Table 4.3 The values of state variables at 𝑒3
1−27.8  and 𝑝3
1−27.8. 
 𝜙(rad) 𝑟(rad/s) 𝑉(m/s) 
𝑒3
1−27.8 0.0235 -0.2305 2.5127 
𝑝3
1−27.8 0.03 -0.5 3 
The phase portrait of 𝑝3
1−27.8 and 𝑒3
1−27.8 is shown in Fig.4.19. Around 𝑒3
1−27.8 (denoted by 
the blue star), the trajectory from 𝑝3
1−27.8 (denoted by the red star) propagates away from 
this equilibrium point.  Thus, the equilibrium point 𝑒3
1−27.8 is unstable. 
 
Figure 4.19 Phase portrait of the vehicle with OS characteristic for Case One at 27.8 𝑚/𝑠. 
Fig.4.20 illustrates the time history of lateral acceleration 𝑎𝑦, side-slip angle 𝛽, roll angle 
𝜙 and turning radius 𝑅 from the initial point 𝑝3
1−27.8, to study the lateral, yaw, roll stability 
and the handling behavior of the vehicle with OS characteristic around the equilibrium 
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point at high speed. As shown in the figure, none of the state variables starting from 𝑝3
1−27.8 
converge to the steady-state 𝑒3
1−27.8. 
 
Figure 4.20 Time history of state variable of the vehicle with OS characteristic for Case 
One starting from the initial point 𝑝3
1−27.8. 
In order to examine the dynamic behaviour of the vehicle around the equilibrium 
point 𝑒3
1−27.8, the CG trajectory of the vehicle starting from the initial point of  𝑝3
1−27.8 is 
presented in Fig.4.21 (a), and the respective motion mode of the vehicle is shown in 
Fig.4.21 (b). As shown in Fig.4.21 (a), the vehicle cannot travel following a constant 
turning radius circle for the respective vehicle with NS characteristic, and the vehicle turns 
in the opposite direction of the NS case. As shown in Fig.4.21 (b), the attitude of the vehicle 
body from the initial point of 𝑝3
1−27.8 shows unstable yaw motion mode in the first phase, 







Figure 4.21 The dynamic behaviors of the vehicle starting from the initial point of 𝑝3
1−27.8: 
(a) CG trajectory, and (b) motion mode. 
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Based on the aforementioned dynamic analysis of the vehicle with OS characteristic and a 
closed observation of the results shown in Figs.4.11 and 4.13, it is found that in the speed 
range lower than the critical speed, at a given speed there exist three equilibrium points, 
i.e., E1, E2, and E3. Among the three equilibriums, E2 is a stable equilibrium point, at 
which the vehicle motion is dominated by the yaw and lateral motions. E1 and E3 are 
unstable stable equilibrium points, at which the vehicle exhibits similar dynamic behaviour, 
that is, the vehicle’s motion is determined by three motions modes (as shown in Fig.4.13). 
However, the vehicle’s turning direction is different at the two unstable equilibrium points; 
at E1, the vehicle turns to the left, while at E3, it turns to the right. Once the forward speed 
is higher than the critical speed, E1 and E2 merge at the bifurcation point. At a vehicle 
speed higher than the critical speed, the vehicle’s dynamic behaviour is unstable and can 
be described using the state variables at unstable equilibrium point E3. 
4.2.2.2 Case Two 
4.2.2.2.1 US vehicle behaviour 
Fig.4.22 illustrates the bifurcation diagrams of US vehicle with varying bifurcation 
parameters 𝛿 and 𝑈0. in terms of (a) 𝑎𝑦, (b) 𝛽, (c) 𝜙, and (d) (𝛼𝑓 − 𝛼𝑟). Note that stable 











Figure 4.22 Bbifurcation diagrams of the vehicle with US characteristic for Case Two: (a) 
𝑎𝑦 vs 𝛿 𝑎𝑛𝑑 𝑈0, (b) 𝛽 vs 𝛿 𝑎𝑛𝑑 𝑈0, (c) 𝜙 vs 𝛿 𝑎𝑛𝑑 𝑈0, and (d) (𝛼𝑓 − 𝛼𝑟) vs 𝛿 and 𝑈0. 
As shown in Fig.4.22, only stable equilibrium point occurs within the variation range of 𝛿 
and 𝑈0. As seen in Fig.4.22 (d), within the variation range, 𝛼𝑓 − 𝛼𝑟 always takes positive 
value. Hence, the vehicle’s steady-state handling performance exhibits US characteristics. 
As seen in Figs.4.22 (a) and (c), over the variation range, the maximum lateral 
acceleration ay is approximate 0.76g, and the maximum sprung-mass roll angle 𝜙 is less 
than 0.035 rad. The vehicle thus rolls stable under the variation of operating condition. 
Shown in Fig.4.22 (b) are the stable equilibrium points within the variation range. At high 
speeds and with significant steer input, 𝛽 of the vehicle approaches to 0.06 rad. Thus, the 
vehicle is yaw stable over the variation range.
4.2.2.2.2 OS vehicle model 
Fig.4.23 illustrates the bifurcation diagrams of OS vehicle with varying bifurcation 
parameters 𝛿 and 𝑈0.in terms of (a) 𝑎𝑦, (b) 𝛽, (c) 𝜙, and (d) (𝛼𝑓 − 𝛼𝑟). In the bifurcation 
diagrams shown in Fig.4.23, stable and unstable equilibrium points are identified in blue 







Figure 4.23 bifurcation diagrams of the vehicle with OS characteristics for Case Two: (a) 
𝑎𝑦 vs 𝛿 𝑎𝑛𝑑 𝑈0, (b) 𝛽 vs 𝛿 𝑎𝑛𝑑 𝑈0, (c) 𝜙 vs 𝛿 𝑎𝑛𝑑 𝑈0, and (d) (𝛼𝑓 − 𝛼𝑟) vs 𝛿 and 𝑈0. 
Fig.4.23 (a) shows the bifurcation diagrams of 𝑎𝑦, equilibrium point E3 occurs over the 
entire variation range, whereas equilibrium points E1 and E2 only appear if 𝑈0 is lower 
than the critical speed value. As seen in the figure, equilibrium points E1 and E2 cluster 
within the low-speed range. Similarly, we can find the same phenomenon in Fig.4.23(c). 
Considering the results shown in Figs.4.23 (a) and (c), we can predict that the vehicle rolls 
stable within the variation range of 𝛿 and 𝑈0. 
Fig.4.23 (b) illustrates the bifurcation diagrams in terms of 𝛽. Equilibrium point E3 occurs 
over the entire variation range, whereas equilibrium points E1 and E2 only appear if 𝑈0 is 
lower than the critical speed value. With the significant value of 𝛽 within the variation 
range of 𝑈0, it can be estimated that the vehicle is yaw unstable in the space with large U0. 
As shown in Fig.4.23 (d), for all stable equilibrium points, 𝛼𝑓 − 𝛼𝑟 always takes a value 
lower than zero, which means the vehicle will show oversteering steady-state behaviour in 
all stable equilibrium points. Note that in the case of E3, due to the opposite turning 
direction, the value of 𝛼𝑓 − 𝛼𝑟 should take positive value instead of a negative value. 
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4.3  DYC Design of an Autonomous Vehicle Dynamic 
System 
The vehicle safety controller design aims to achieve a desired dynamic behaviour of a 
vehicle system. The objective of the active vehicle safety controller design is to transform 
a vehicle system from an unstable state to a stable state by setting control rules [44]. As 
discussed in the introduction, an autonomous dynamic system can be used to represent a 
transient response of the system at a specified time point. Thus, analysis the equilibrium 
state of an autonomous vehicle dynamic system with an active safety system can evaluate 
the effectiveness of the controller. 
Based on the above concept, an AVSS controller is designed to improve the handling 
performance and lateral stability of the vehicle system. To this end, a direct yaw moment 
control (DYC) strategy is employed, and the sideslip angle 𝛽 at the vehicle CG should 
maintain as small as possible. Thus, for the 4-DOF vehicle model, Eq. (3.3) should be 
rewritten as:
𝐼𝑧?̇? − 𝐼𝑥𝑧?̈? = (𝐹𝑥1 𝑠𝑖𝑛(𝛿) + 𝐹𝑦1 𝑐𝑜𝑠(𝛿))𝑎 − 𝐹𝑦2𝑏 + 𝑀𝑍                                            (4.15) 
where the external yaw moment 𝑀𝑍  is produced through intelligently adjusting 
longitudinal or lateral tire forces, such as braking forces or side slip angles on different tires 
of the vehicle. Supposing that forward speed  𝑈0 , is a constant, and it is treated as a 
bifurcation parameter, all longitudinal tire forces can be neglected. Considering the 
autonomous vehicle dynamic system, we can rewrite Eq. (4.15) as: 
0 = (𝐹𝑦1 𝑐𝑜𝑠(𝛿))𝑎 − 𝐹𝑦2𝑏 + 𝑀𝑍                                                                                  (4.16) 
where 𝑀𝑍 is generated by an AVSS to make the equation to be true. In other words, the 
DYC technique should intelligently produce 𝑀𝑍 in order to maintain the yaw motion of the 
autonomous dynamic system in an equilibrium state. To this end, the DYC technique is 
designed using a rear axle differential braking method to generate 𝑀𝑍 to counteract the 
effect of the yaw moment by the front wheels. Thus, 𝑀𝑍 is defined as: 
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𝑀𝑍 =KC(𝐹𝑦1 𝑐𝑜𝑠(𝛿))𝑎                                                                                                (4.17) 
where KC denotes the control gain. According to Eqs. (3.7), (3.8), (4.6) and (4.7), Eq. 




𝑐𝑜𝑠(𝛿))                                                                                               (4.18) 
The DYC system needs a vehicle forward speed sensor, a steering wheel sensor, and a yaw-
rate sensor. 
To evaluate the performance of the DYC technique, we examine the dynamic behaviour of 
the vehicle with OS characteristics using the two case studies similar to those introduced 
in Section 4.2: (1) Case One, in which the bifurcation analysis is executed with 𝛿 =
0.0175 𝑟𝑎𝑑 and 𝑈0 varying from 5 to 40 m/s with a step increase of 1 m/s; (2) Case Two, 
in which the bifurcation analysis is executed using varying two parameters, i.e., 𝛿 and 𝑈0, 
the former varying from 0 to 0.2975 rad with a step increase of 0.0175 rad, while the latter 
varying from 5 to 40 m/s with a step increase of 1 m/s. In the bifurcation analysis, the 
following state or extended variables will be examined: 1) the lateral acceleration, 𝑎𝑦, for 
predicting the lateral stability; 2) the side-slip angle, 𝛽, for evaluating the yaw stability; 3) 
the sprung-mass roll angle, 𝜙, for studying the roll stability; and 4) the error of the tire side 
slip angles between the front and rear wheels, 𝛼𝑓 − 𝛼𝑟 , to identifying handling 
performance. 
The DYC design aims at achieving lateral stability and excellent handling performance 
within a stable margin. To effectively evaluate the performance of the DYC technique, the 
following criteria are prescribed: 
• To extend the stable margin of the autonomous vehicle dynamic system, the resulting 
dynamic system should have more stable equilibrium points and less unstable 
equilibrium points in the relevant bifurcation diagrams. 
• To improve lateral, yaw and roll stability, state variables, 𝑎𝑦, 𝛽 𝑎𝑛𝑑 𝜙 should maintain 
small values within the stable margin. 
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• To achieve excellent handling performance, 𝛼𝑓 − 𝛼𝑟 should take a positive value to 
ensure US characteristics of the vehicle. 
4.3.1 OS vehicle model with DYC under Case One test 
Fig. 4.24 shows the bifurcation diagrams with varying bifurcation parameter 𝑈0 in terms 
of (a) 𝑎𝑦, (b) 𝛽, (c) 𝜙, and (d) (𝛼𝑓 − 𝛼𝑟). Note that in order to achieve the simulation 
results shown in Fig.4.24, the control gain KC for the DYC takes the value of 0.97. 
Observation of all bifurcation diagrams shown in Fig.4.24 discloses that: 
• With the DYC introduced, no unstable equilibrium point occurs within the variation 
range of 𝑈0, implying that the DYC can extend the stable domain of the autonomous 
vehicle dynamic system under Case One test. 
• As seen in Figs.4.24 (a) and (c), over the variation range of 𝑈0, the maximum lateral 
acceleration is approximately 0.17g, and the maximum sprung-mass roll angle is less 
than 0.0066rad. The vehicle is thus lateral stable and rolls stable under the operating 
conditions. Shown in Fig.4.24 (b) are the stable equilibrium points within the variation 
range of 𝑈0. The side-slip angle of the vehicle approaches to zero. Thus, the OS vehicle 
can keep yaw stable. 
• As seen in Fig.4.24 (d), within the variation range of 𝑈0, 𝛼𝑓 − 𝛼𝑟 takes positive values, 
implying that equipped with the DYC, the vehicle’s steady-state handling characteristic 
changes from oversteer in the baseline design to the understeer, thereby ensuring lateral 








Figure 4.24 bifurcation diagrams for Case One with DYC: (a) 𝑎𝑦 vs 𝑈0, (b) 𝛽 vs 𝑈0, (c) 
𝜙 vs 𝑈0, and (d) (𝛼𝑓 − 𝛼𝑟) vs 𝑈0. 
To validate the inference achieved from the above discussion about the OS vehicle with 
DYC under Case One test, some equilibrium points 𝑒𝑛
𝛿−𝑈0−𝑐are chosen with the DYC 
controller, namely, 𝑒𝑛
1−5−c 𝑎𝑛𝑑 𝑒𝑛
1−27.8−c at 𝛿 = 0.0175 𝑟𝑎𝑑 to study nonlinear dynamics 
of the OS vehicle at low and high speeds. Note that as discussed in Section 4.2, the subscript 
𝑛 denotes the number of equilibrium points, such as 𝑛 means 𝐸𝑛, 𝑛 = 1,2,3, where E2 
represents a stable equilibrium point. At the same time, some relevant initial points 
𝑝𝑛
𝛿−𝑈0  are chosen to study nonlinear dynamics in the neighbourhood of these equilibrium 
points. 
4.3.1.1 Low-speed case with DYC 
At 𝑈0 = 5 𝑚/𝑠 and 𝛿 = 0.0175 𝑟𝑎𝑑, the OS vehicle with DYC has only one equilibrium 
point, namely, 𝑒2
1−5−𝑐. In order to study the nonlinear dynamics of the OS vehicle in the 






chosen, and the values of the state variables at the equilibrium point and the initial points 
are given in Table 4.4. 
Table 4.4 The values of state variables for the OS vehicle with DYC under Case One test 
at the equilibrium and initial points under 𝑈0 = 5𝑚/𝑠 and 𝛿 = 0.0175 𝑟𝑎𝑑. 
 𝜙(rad) 𝑟(rad/s) 𝑉(m/s) 
𝑒2
1−5−𝑐 -0.0005 0.0292 0.0526 
𝑝1
1−5 -0.03 1.5 -2 
𝑝2
1−5 -0.01 0.5 0.5 
𝑝3
1−5 0.03 -1.5 2 








1−5  propagate toward  𝑒2
1−5−c . By the first Lyapunov stability 
method, the vehicle with DYC exhibits stable dynamic behaviors around the equilibrium 
point. 
 
Figure 4.25 Phase portraits for the OS vehicle with DYC at 𝑈0 = 5 𝑚/𝑠 in Case One. 
Fig.4.26 (a), (b) and (c) illustrate simulation results in terms of the time-history of state 
variables 𝑎𝑦, 𝛽, 𝜙 and R  to study nonlinear dynamic features of the OS vehicle with and 
without DYC from  𝑝1
1−5, 𝑝2
1−5and 𝑝3
1−5. As shown in Fig.4.26, for the case with DYC, 




and converge to the equilibrium state 𝑒2
1−5−c. For all cases, the OS vehicle with DYC 
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eventually travels along a circle with a constant radius of 171.1m after a short period of 
transient motions. The turning circle radius (𝑅0) of the NS vehicle is 158.8m. A comparison 
of the two turning circle radius leads to the conclusion that the OS vehicle with DYC 
exhibits US characteristics. In the case of the OS vehicle without DYC, the time-history 
trajectories of all state variables from 𝑝1
1−5 and 𝑝3
1−5 cannot converge to the respective 
state variables of 𝑒2
1−5−c. Interestingly, starting from the same initial point of 𝑝2
1−5, the OS 
vehicle with and without DYC behave similarly. However, as mentioned above, the OS 
vehicle with DYC eventually travels along a circle with a constant radius of 171.1m, while 






Figure 4.26 Time-history trajectories of state variables of the OS vehicle with and without 






To further explore the performance of the DYC, the CG trajectories of the OS vehicle 
starting under the initial conditions, 𝑝1
1−5, 𝑝2
1−5 and 𝑝3
1−5, are shown in Fig.4.27. Under 
the initial conditions of 𝑝1
1−5, 𝑝2
1−5 and 𝑝3
1−5, the CG trajectories of the OS vehicle with 
DYC are the respective circles (dashed circles) with the corresponding radius. Especially 
under the initial conditions of 𝑝1
1−5 and 𝑝3
1−5, the CG trajectories of the OS vehicle with 
DYC are the blue dashed circle and the turquoise dashed circle with the radius of 171m. In 
contrast, under the same initial conditions, the CG trajectories of the OS vehicle without 
DYC are the blue solid helical curve and the turquoise solid helical curve. Under the initial 
condition of 𝑝2
1−5, all the CG trajectories of the NS vehicle and the OS vehicle without and 
with DYC are the circles, and the respective radius of the circles are 158.8m, 158m, and 
171.1m.  The introduction of the DYC makes the vehicle switch from the OS to US 
characteristics and improves the vehicle’s lateral stability. 
 
Figure 4.27 CG trajectory for OS at 5 𝑚/𝑠 with and without DYC. 
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Fig.4.28 (a), (b) and (c) show the CG trajectory and the vehicle body orientation along the 




1−5 . As shown in Fig.4.28 (a) and (c), under the initial conditions 
of 𝑝1
1−5 and 𝑝3
1−5, the vehicle body orientation of the OS vehicle without DYC cannot align 
with the respective CG trajectory, and the vehicle loses yaw and lateral stability; in 
contrast, the vehicle body orientation of the OS vehicle with DYC can well align the 
respective CG trajectory, and the vehicle stably travels along the corresponding circles. As 
seen in Fig.4.28 (b), under the initial condition of 𝑝2
1−5, the effect of the DYC changes the 






Figure 4.28 The CG trajectory and vehicle body orientations along the trajectory for the 







4.3.1.2 High-speed case with DYC 
At 𝑈0 = 27.8 𝑚/𝑠  and with 𝛿 = 0.0175 𝑟𝑎𝑑 , the OS vehicle with DYC has only one 
equilibrium point, namely, 𝑒2
1−27.8−𝑐. To examine the nonlinear dynamic features of the 
OS vehicle with DYC around the equilibrium point, one initial point, 𝑝3
1−27.8, is chosen, 
which is the same as the high-speed case of the OS vehicle under Case One test, and the 
values of the state variables at the equilibrium point and this initial point are also given in 
Table 4.5. 
Table 4.5 The values of state variables at the equilibrium point and the initial point at 𝑈0 =
27.8 𝑚/𝑠 and with 𝛿 = 0.0175 𝑟𝑎𝑑 for the OS vehicle with DYC. 
 𝜙(rad) 𝑟(rad/s) 𝑉(m/s) 
𝑒2
1−27.8−𝑐 -0.0051 0.0502 0.0793 
𝑝3
1−27.8 0.03 -0.5 3 
The phase portraits of 𝑝3
1−27.8 and 𝑒2
1−27.8−c are shown in Fig.4.29. Around 𝑒2
1−27.8−c, the 
trajectory from  𝑝3
1−27.8, can propagate back to this equilibrium point. Thus, based on the 
first Lyapunov stability method, 𝑒2
1−27.8−c is stable equilibrium point. In contrast, for the 
phase portraits without DYC shown in Fig.4.19, the trajectory from the same initial point, 
 𝑝3
1−27.8, cannot propagate back to 𝑒3
1−27.8. The difference above implies that the DYC can 
change the dynamic property and improve the stability of the autonomous vehicle dynamic 




Figure 4.29 Phase portraits for the OS vehicle at Case One for 27.8 𝑚/𝑠 with DYC. 
Fig.4.30 illustrates simulation results of the OS vehicle with and without DYC in terms of 
the time-history of state variables, 𝑎𝑦, 𝛽, 𝜙 and R from the initial point of 𝑝3
1−27.8. In the 
case of DYC, the time-history trajectories of state variables from 𝑝3
1−27.8 converge to the 
respective state variables at the equilibrium state  𝑒2
1−27.8−c after a short transient phase. 
Eventually, the OS vehicle with DYC travels along a circle with a radius of  𝑅 ≈ 554.1𝑚. 
Note that: in the case of the NS vehicle, from the same initial point of 𝑝3
1−27.8, the vehicle 
will travel along a circle with the radius of 𝑅0=158.8m, which implies that the OS vehicle 
with DYC exhibits US characteristics. In contrast, in the case of the OS vehicle without 
DYC, the time-history trajectories of state variables cannot converge to the respective state 
variables at the equilibrium of 𝑒2
1−27.8−c, and eventually, the vehicle exhibits unstable 





Figure 4.30 Time history of state variables of the OS vehicle with and without DYC starting 
from the initial point 𝑝3
1−27.8. 
Fig.4.31 shows the simulation results of the OS vehicle with and without DYC in terms of 
the CG trajectory and the vehicle body orientations along the trajectory under the initial 
condition of 𝑝3
1−27.8. As shown in Fig.4.31 (a), the OS vehicle with DYC travels along the 
blue dashed circle with the radius of 554.1 m; the NS vehicle runs along the solid red circle 
with the radius of 158.8m; the OS vehicle without DYC travels along the blue solid helical 
curve. As seen in Fig.4.31(b), in the case of the NS vehicle, the vehicle body is excellently 
aligned with its CG trajectory; in the case of the OS vehicle with DYC, the vehicle body is 
well aligned with the respective CG trajectory; however, in the case of the OS vehicle 
without DYC, the vehicle body can’t well align the corresponding CG trajectory, and the 










4.3.2 OS vehicle model with DYC under Case Two test 
In this subsection, the selected simulation results of the OS vehicle with DYC are presented 
to further explore the performance of the DYC under the Case Two test with varying 
bifurcation parameters  𝛿 and 𝑈0 . Fig.4.32 shows the bifurcation diagrams in terms of 
(a) 𝑎𝑦, (b) 𝛽, (c) 𝜙, and (d) (𝛼𝑓 − 𝛼𝑟). Note that in order to achieve the resulting simulation 
results, the control gain for the DYC takes the value of 0.97. Observation of all bifurcation 
diagrams shown in Fig.4.32 discloses that: 
• With the DYC introduced, no unstable equilibrium point occurs within the variation 
range of 𝛿  and 𝑈0 , implying that the DYC can extend the stable domain of the 
autonomous vehicle dynamic system under Case Two test. 
• As seen in Figs.4.32(a) and (c), over the variation range, the maximum lateral 
acceleration  𝑎𝑦 is less than 0.5g, and the maximum sprung-mass roll angle 𝜙 is less 
than 0.035 rad. The vehicle is thus lateral stable and rolls stable under the variation of 
operating condition. Shown in Fig.4.32 (b) are the stable equilibrium points within the 
variation range. The side-slip angle 𝛽 of the vehicle approaches to zero. Thus, the OS 
vehicle with DYC achieves yaw stable under Case Two test. 
• As seen in Fig.4.32 (d), within the variation range, 𝛼𝑓 − 𝛼𝑟 takes positive value, which 
implies that equipped with the DYC, the vehicle’s steady-state handling characteristic 
changes from the original oversteer characteristics of the baseline design to the 
understeer characteristics, thereby ensuring the lateral stability and the excellent 









Figure 4.32 bifurcation diagrams of OS vehicle with DYC under varying 𝛿 vs 𝑈𝑐: (a) 𝑎𝑦 vs 
𝛿 vs 𝑈𝑐, (b) 𝛽𝑐 vs 𝛿 vs 𝑈𝑐, (c) 𝜑𝑐 vs 𝛿 vs 𝑈𝑐 and (d) (𝛼𝑓 − 𝛼𝑟) vs 𝛿 vs 𝑈𝑐. 
In order to demonstrate the effectiveness of the DYC, Fig.4.33 shows the stable regions of 
the OS vehicle with and without DYC under the variation of 𝛿 and U0. Note that as seen 
in the figure, the respective stable equilibrium points are projected on the 𝛿 and 𝑈0 plane 
to show the stable region of the OS vehicle with and without DYC. It is found that the DYC 
enlarges the stable region for the autonomous vehicle dynamic system.
(a) (b)
Figure 4.33 Position of stable equilibrium points of OS vehicle on the 𝛿 vs 𝑈𝑐 plane (by 
0.001rad product 1 𝑚/𝑠): (a) without DYC and (b) with DYC. 
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4.4  Summary 
This chapter puts forward the systematic nonlinear stability analytical approach to examine 
the steady-state dynamics and evaluate the effectiveness of AVSSs for nonlinear single-
unit vehicle dynamic systems. A 4-DOF nonlinear single-unit vehicle model is generated 
as the nonlinear autonomous vehicle dynamic system to examine the steady-state dynamics 
for the nonlinear single-unit vehicles. Meanwhile, the DYC is developed as an AVSS for 
the nonlinear autonomous single-unit vehicle dynamic system to improve the safety of the 
vehicle. Besides, with the integrated use of the bifurcation and eigenvalue analytical 
methods, the nonlinear dynamic features for nonlinear autonomous single-unit vehicle 
dynamic systems has been effectively studied. 
Through the combination of the linear and the nonlinear stability methods, the research is 
effective in determining the stability of equilibrium points, predicting vehicle motion 
modes, estimating the stability regions, and evaluating the critical speed of single-unit 
vehicles under a given initial condition. In addition, the DYC achieves remarkable effect 
in improving the yaw stability of the vehicle, expanding the stability region and optimizing 
the handling performance of the nonlinear single-unit vehicle dynamic systems from 
oversteer to understeer characteristics. All inferences drawn in this chapter have been 
affirmed through the motion mode analytical approach. 
Hence, the proposed systematic nonlinear stability analytical method is effective in 
analyzing and predicting the steady-state characteristics of nonlinear single-unit vehicles 
and in evaluating DYC’s effectiveness in improving the lateral stability and enhancing the 
handling performance of nonlinear single-unit vehicles.  
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Chapter 5                                      
Nonlinear Stability Analysis and ARDB 
Controller Design for Non-Autonomous 
Vehicle Dynamic Systems 
5.1  Introduction 
This chapter presents nonlinear lateral stability and handling performance analysis of a 
single-unit road vehicle, which is considered as a non-autonomous dynamic system and 
modelled as the nonlinear 4-DOF yaw-roll vehicle. (The nonlinear vehicle model 
parameters are shown in Appendix A and Table C2.) To improve the lateral stability and 
to optimize the handling performance of the non-autonomous dynamic system, an active 
vehicle safety system (AVSS) is designed by adopting the active rear-wheel differential 
braking (ARDB) control strategy. The nonlinear dynamic features and the effectiveness of 
the AVSS are investigated through the phase-plane analysis method. The nonlinear 
stability analysis presented in the chapter provides guidelines for designing and developing 
AVSSs to increase the safety of single-unit road vehicles.
5.2  Nonlinear Stability Analysis of the Non-
Autonomous Vehicle Dynamic System 
According to the kinematic analysis based on the 4-DOF yaw-roll vehicle model shown in 
Fig.3.1, the relationship among the side-slip angle, the yaw rate, the roll angle of the vehicle 









𝑟 = 0                                                                                         (5.1) 
𝛽 = arctan (
𝑉
𝑈
)                                                                                                                           (5.2) 
where 𝑏 denotes the distance from the vehicle’s CG point to the rear axle, β is the side-slip 
angle at the CG point, ℎ𝑐𝑜𝑠(𝜑) is the vertical distance between the CG point to the roll 
center of the vehicle, r is the yaw rate of the vehicle. Note that the relationship shown in 
Eq. (5.1) will be used for the phase-plane analysis to evaluate the yaw and roll stability of 
the nonlinear vehicle model. The vehicle exhibits OS characteristics. 
The nonlinear stability analysis of the 4-DOF vehicle model is based on the phase-plane 
analysis, which examines: 
a. The relation between the side-slip angle and the side-slip angular velocity (𝛽 − 𝑑𝛽/𝑑𝑡) 
for evaluating the yaw stability; 
b. The roll angle and the roll angular velocity (𝜑 − 𝜑/𝑑𝑡) for examining the roll stability; 
c. The interrelation of the side-slip angle, the yaw rate, and the roll angle (𝛽 − 𝑟 − 𝜑) for 
assessing the overall lateral stability. 
A test maneuver is simulated with a constant front-wheel steer angle input of 0.0175 rad, 
and the vehicle forward speed varies from 5 m/s to 25 m/s with an increment step of 1 m/s. 
Note that, the front wheel will steer to both the right and left side of the vehicle. 
Fig.5.1 shows the phase-plane trajectories of the side-slip angle and side-slip angular 
velocity of the vehicle, (𝛽 − 𝑑𝛽/𝑑𝑡). Each of the state trajectories is associated with a 
specified value of the vehicle forward speed. The X-axis denotes the variable quantity of 
the vehicle’s side slip angle 𝛽, and the Y-axis represents the variable rate of the vehicle’s 
side slip angle rate 𝑑𝛽/𝑑𝑡. The effect of the vehicle forward speed on the yaw stability of 
the vehicle is clearly illustrated by the trajectories of (𝛽 − 𝑑𝛽/𝑑𝑡). 
As shown in Fig.5.1, all the state trajectories are divided into two regions: 
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(1) If the forward speed is less than or equal to 24 m/s, each of the state trajectories 
terminates at a point on the X-axis, implying that 𝛽 can become constant and the vehicle 
model will maintain yaw stability. This region of the state trajectories at the X-axis is named 
stable region of the vehicle yaw motion. As shown in Fig.5.1, the stable region of the 
vehicle is enclosed in the phase-plane range of −0.02506 𝑟𝑎𝑑 < 𝛽 < 0.02506 𝑟𝑎𝑑. 
(2) If the forward speed is higher than 24 m/s, e.g., 25 m/s, all the state trajectories will 
diverge with increasing of time and cannot converge to a point on the X-axis. The vehicle 
will lose yaw stability in this region. Hence, 24 m/s can be considered as the approximate 
critical speed of the nonlinear vehicle under the constant front-wheel steer angle input of 
0.0175 rad. 
 
Figure 5.1 Phase-plane trajectories in 𝛽 − 𝑑𝛽/𝑑𝑡 for the nonlinear 4-DOF vehicle model 
under variable forward speed. 
Corresponding to the phase-plane trajectories shown in Fig.5.1 for yaw stability analysis 
of the vehicle, Fig.5.2 shows the phase-plane trajectories of the roll angle and roll angular 
velocity of the vehicle, i.e., (𝜑 − 𝜑/𝑑𝑡), to examine roll stability of the vehicle. Similarly, 
each of the state trajectories illustrated in Fig.5.2 is associated with a specified vehicle 
forward speed from the speed series of 5 m/s to 25 m/s. A close observation of the state 
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trajectories shown in Fig.5.2 discloses an interesting phenomenon with the following 
features: 
(1) all-state trajectories and even those associated with high forward speeds, e.g., 25 m/s, 
do not exhibit a distinct tendency of divergence; 
(2) each of the state trajectories converges at an individual point located on the horizontal 
axis, meaning that the roll angle reaches a constant value; 
 (3) for those convergent points on the horizontal axis, the higher the forward speed with 
which a convergent point is associated, the longer the distance the point is located from 
the origin point. This region of the state trajectories on the X-axis is named stable region 
of the vehicle roll motion. As shown in Fig.5.2, the stable region of the vehicle is 
enclosed in the phase-plane range of −0.01719 𝑟𝑎𝑑 < 𝜑 < 0.01719 𝑟𝑎𝑑. 
 
Figure 5.2 Phase-plane trajectories in 𝜑 − 𝜑/𝑑𝑡 for the nonlinear 4-DOF vehicle model 
under variable forward speed. 
The 3D state trajectories of (𝛽 − 𝑟 − 𝜑) evaluate the lateral stability of the vehicle, as 
shown in Fig.5.3. Each of the state trajectories of (𝛽 − 𝑟 − 𝜑)  is associated with a 
specified vehicle forward speed. The results shown in Fig.5.3 are consistent with those 
illustrated in Fig.5.1, indicating that the vehicle will lose its lateral stability if the forward 
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speed is above 24 m/s. It is found that the 3D state trajectories of (𝛽 − 𝑟 − 𝜑) can be used 
to conduct the lateral stability analysis of the nonlinear single-unit vehicle. 
 
Figure 5.3 Phase-plane trajectories in 𝛽 − 𝑟 − 𝜑 for the nonlinear 4-DOF vehicle model 
under variable forward speed. 
According to the aforementioned analysis, the forward speed of 24 m/s can be considered 
as the approximate critical speed of the nonlinear 4-DOF vehicle model with the constant 
front-wheel steer angle input of 0.0175 rad. Hence, the working region of the state 
trajectories is considered as the feasible region of the nonlinear 4-DOF vehicle model at 24 
m/s, which are shown in Table 5.1. In the stable domain, the vehicle system states can be 
physically reached. This domain may be used to design the active vehicle safety controller. 
Table 5.1 The feasible/stable region of the vehicle. 
 without ATDB 
𝛽 (𝑟𝑎𝑑) [−0.02506, 0.02506] 
𝑟 (𝑟𝑎𝑑/𝑠) [−0.1986, 0.1986] 
φ (𝑟𝑎𝑑) [−0.01719 , 0.01719 ] 
In order to validate the inference achieved from the above discussion based on phase-plane 
analysis, we select the phase-plane trajectories under the conditions of 𝑈0 = 10 𝑚/𝑠,
24 𝑚/𝑠 and 25 𝑚/𝑠 with 𝛿 = 0.0175 𝑟𝑎𝑑 to study nonlinear dynamic characteristics of 
the nonlinear 4-DOF vehicle model at low, critical and high speeds. 
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5.2.1 Simulation Result Analysis of the 4-DOF vehicle Model at 
10 m/s  
Fig.5.4 illustrates phase-plane trajectories of the nonlinear 4-DOF vehicle model at 10 m/s, 
in terms of 𝛽 − 𝑑𝛽/𝑑𝑡, 𝜑 − 𝜑/𝑑𝑡, and 𝛽 − 𝑟 − 𝜑, respectively. All the state trajectories 
move from a start point (denoted by a red star) and converge at an individual point located 
on the horizontal axis (denoted by a black star), implying that all state variables reach their 
steady-state values by the end of the test maneuver. In other words, the nonlinear 4-DOF 






Figure 5.4 Phase-plane trajectories of the nonlinear 4-DOF vehicle model at 𝑈0 = 10 𝑚/𝑠: 
(a) 𝛽 − 𝑑𝛽/𝑑𝑡, (b) 𝜑 − 𝜑/𝑑𝑡, and (c) 𝛽 − 𝑟 − 𝜑. 
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Fig.5.5 illustrates simulation results under the test maneuver at 10 m/s in terms of the time 
history of the lateral acceleration, slip angle, yaw rate and roll angle, respectively. As 
shown in Fig.5.5, all state variables converge and propagate back to the steady-state after 
a short time oscillation around 0.5 s. Hence, the nonlinear 4-DOF vehicle model maintains 
lateral stability under the test maneuver at low speeds. 
 
Figure 5.5 Time history of (𝑎𝑦, 𝛽, 𝑟, 𝑎𝑛𝑑 𝜑) of the nonlinear 4-DOF vehicle model under 
the test maneuver at 𝑈0 = 10 𝑚/𝑠. 
To confirm the simulation above result analysis, Fig.5.6 shows the CG trajectory of the 
vehicle under the test maneuver at 10 m/s. As shown in Fig.5.6 (a) and (b), the vehicle CG 
trajectory does not violate the given path boundaries (black lines), and the vehicle body is 






Figure 5.6 (a) The CG trajectory of the nonlinear 4-DOF vehicle model under the test 
maneuver at 𝑈0 = 10 𝑚/𝑠, and (b) a close observation. 
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This observation can be explained using the following fact. As shown in Fig.5.7, under the 
test maneuver at 10 m/s, the relationship between the tire lateral tire force and the tire 
sideslip angle for all tires of the 4-DOF vehicle model maintains a linear relationship. 
Hence, all tires can provide sufficient tire lateral force to support the vehicle moving and 
maintain excellent stability. 
 
Figure 5.7 Tire lateral force versus sideslip angle under the test maneuver at 𝑈0 = 10 𝑚/𝑠. 
5.2.2 Simulation Result Analysis of the 4-DOF Vehicle Model at 
24 m/s 
Fig.5.8 illustrates the phase-plane trajectories of the nonlinear 4-DOF vehicle model at 24 
m/s, in terms of 𝛽 − 𝑑𝛽/𝑑𝑡, 𝜑 − 𝜑/𝑑𝑡, and 𝛽 − 𝑟 − 𝜑, respectively. Each of the state 
trajectories moves from a start point (denoted a red star) and converges at an individual 
point located on the horizontal axis (denoted by a black star). However, the trajectories 
illustrated in Fig.5.8 show longer distances than those for the case at 10 m/s. Hence, all 
state variables also reach their steady-state values by the end of the test maneuver but using 
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more time. Hence, the nonlinear 4-DOF vehicle model can maintain lateral stability under 






Figure 5.8 Phase-plane trajectories of the nonlinear 4-DOF vehicle model at 𝑈0 = 24 𝑚/𝑠: 
(a) 𝛽 − 𝑑𝛽/𝑑𝑡, (b) 𝜑 − 𝜑/𝑑t, and (c) 𝛽 − 𝑟 − 𝜑. 
Fig.5.9 illustrates the simulation results under the test maneuver at 24 m/s in terms of the 
time history of the lateral acceleration, slip angle, yaw rate and roll angle of the nonlinear 
4-DOF vehicle model, respectively. As shown in Fig.5.9, all state variables do not converge 
as quickly as the case at 10 m/s. All state variables will reach the respective peak value at 
around 3 seconds, then all values (absolute values) of state variables will be reduced and 
propagate back to the steady-state. Hence, compared to the case at 10 m/s, the nonlinear 4-
DOF vehicle model needs more time to regain lateral stability and back to the steady-state 





Figure 5.9 Time history of (𝑎𝑦, 𝛽, 𝑟, 𝑎𝑛𝑑 𝜑) of the nonlinear 4-DOF vehicle model under 
the test maneuver at 𝑈0 = 24 𝑚/𝑠. 
To confirm the simulation above result analysis, Fig.5.10 shows the CG trajectory of the 
vehicle under the test maneuver at 24 m/s. As shown in Fig.5.10 (a) and (b), The CG 
trajectory of the vehicle cannot follow the specified path boundaries (black lines), and the 
vehicle exhibits OS characteristics; however, the vehicle body aligns well with the CG 
trajectory. Thus, the vehicle with OS characteristics still maintains the lateral stability 







Figure 5.10 (a) The CG trajectory of the nonlinear 4-DOF vehicle model under the test 
maneuver at 𝑈0 = 24 𝑚/𝑠, and (b) a closed observation. 
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This observation can be explained by the following fact. As shown in Fig.5.11, under the 
test maneuver at 24 m/s, the relationship between the tire lateral tire force and the tire 
sideslip angle for all tires of the 4-DOF vehicle model operates in its nonlinear range, but 
the lateral tire force does not reach to the state of saturation. Hence, all tires can still provide 
sufficient lateral force to support the vehicle moving and maintain lateral stability. On the 
other hand, the lateral tire force of the front tire shows a more significant value than that of 
the rear tire at the same tire sideslip angle. This lateral tire force difference between the 
front and rear axle makes the vehicle show the OS characteristics under the test maneuver 
at 24 m/s. 
 
Figure 5.11 Tire lateral force versus sideslip angle under the test maneuver at 𝑈0 =
24 𝑚/𝑠. 
5.2.3 Simulation Result Analysis of the 4-DOF vehicle Model at 
25 m/s 
Fig.5.12 illustrates phase-plane trajectories of the nonlinear 4-DOF vehicle model at 25 
m/s, in terms of 𝛽 − 𝑑𝛽/𝑑𝑡, 𝜑 − 𝜑/𝑑𝑡, and 𝛽 − 𝑟 − 𝜑, respectively. Each of the state 
trajectories moves from a start point (denoted by a red star) to an individual point (denoted 
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by a black star). However, the endpoint is not located on the horizontal axis, implying that 
the respective state variable cannot reach a steady-state by the end of the test maneuver. In 
other words, the nonlinear 4-DOF vehicle model cannot achieve lateral stability under the 






Figure 5.12 Phase-plane trajectories of the nonlinear 4-DOF vehicle model at 𝑈0 =
25 𝑚/𝑠: (a) 𝛽 − 𝑑𝛽/𝑑𝑡, (b) 𝜑 − 𝜑/𝑑𝑡, and (c) 𝛽 − 𝑟 − 𝜑. 
Fig.5.13 illustrates simulation results under the test maneuver at 25 m/s, in terms of the 
time history of the lateral acceleration, slip angle, yaw rate and roll angle of the nonlinear 
4-DOF vehicle model, respectively. A close observation of Fig.5.13 reveals that around the 
time instant of 5.35 s, the lateral acceleration suddenly drops, then, all state variables 
significantly fluctuate. Hence, by the time instant of 5.35 s, the lateral tire forces are 
saturated, and the lateral tire forces are not sufficient to support the vehicle for maintaining 




Figure 5.13 Time history of (𝑎𝑦, 𝛽, 𝑟, 𝑎𝑛𝑑 𝜑) of the nonlinear 4-DOF vehicle model under 
the test maneuver at 𝑈0 = 25 𝑚/𝑠. 
The CG trajectory of the vehicle is plotted under the test maneuver at 25 m/s to confirm 
the simulation above result analysis. As shown in Fig.5.14 (a) and (b), the CG trajectory of 
the vehicle cannot follow the specified path boundaries (black lines), indicating that the 
vehicle exhibits OS characteristics. Moreover, along the CG trajectory, the vehicle body 
cannot align itself with the trajectory, implying that the vehicle loses lateral stability due 







Figure 5.14 (a) The CG trajectory of the nonlinear 4-DOF vehicle model under the test 
maneuver at 𝑈0 = 25 𝑚/𝑠, and (b) a closed observation. 
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As discussed above, under the test maneuver at 25 m/s, the vehicle faces chaos with a 
spinout unstable motion mode. To dig out the roots for the chaos, the relationship between 
the lateral tire force and the tire sideslip angle of the vehicle is examined, as shown in 
Fig.5.15. The lateral tire forces of the vehicle model reach their saturation values of 1786N 
and 3817N for the front tire and the rear tire, respectively. In other words, all wheels of the 
vehicle model will slide transversely after their lateral tire force saturation.  
 
Figure 5.15 Tire lateral force versus sideslip angle under the test maneuver at 𝑈0 =
25 𝑚/𝑠. 
This subsection presents a systematic nonlinear stability analysis of the nonlinear 4-DOF 
vehicle model as a non-autonomous dynamic system. A phase-plane analysis has been 
conducted to study motion characteristics in various initial conditions and to estimate the 
stability boundaries of the vehicle. Over the simulated maneuver, the motions of the vehicle 
have been analyzed in order to identify the motion modes of the vehicle, such as spinout 
and OS. Moreover, the reasons for the above unstable motion modes of the vehicle are 
studied by analyzing lateral tire force saturations on different vehicle tires, state variables 
values and trajectories of the vehicle. 
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5.3  ARDB Controller Design of a Non-Autonomous 
Vehicle Dynamic System 
In this section, an AVSS controller is designed to improve the handling performance and 
lateral stability of the non-autonomous vehicle dynamic system using the active rear-wheel 
differential braking (ARDB) system. 
The proposed ARDB controller is designed using the PID technique, and the strategy is 
shown in Fig.5.16. The essential concept of this control strategy is to use the external yaw 
moment resulting from the rear wheels differential braking to enhance the lateral stability 
of the vehicle. As shown in Fig.5.16, four sensors are employed to collect the vehicle state 
variables, including the forward speed in real-time, lateral speed, yaw rate and roll angle. 
The sensor information will be sent to the controller for manipulating the rear wheel 
braking system to produce an external yaw moment through differential braking control. 
Then, this yaw moment will be applied to the vehicle. The resulting yaw moment will 
prevent unstable motion modes, such as the spinout and roll-over. 
  
Figure 5.16 The proposed ARDB strategy. 
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With the ARDB control strategy, the vehicle state variables from the seniors are analyzed, 
and the performance measures are to be calculated. If there is a potential for unstable 
motion modes, such as the spinout, the ARDB controller will manipulate the rear axle 
brakes. Through the rear wheels differential braking, the resulting yaw moment will align 
the vehicle for achieving lateral stability. Thus, the sideslip angle of the vehicle body can 
be reduced, and the spinout can be prevented. In this process, the external yaw moment 𝑀𝑍 
is produced through intelligently adjusting differential braking forces on the left and right-




∙ ∆𝐹𝑟                                                                                                                     (5.3) 
where ∆𝐹𝑟 is the longitudinal force difference between the left and the right wheels on the 
rear axle, and 𝑇 is the rear wheel track. 
The PID controller design can be described as an optimization problem, and the goal is to 
minimize the control error. The control error is defined as the vehicle yaw moment 
expressed as: 
∆𝑒 = (𝐼𝑧?̇? − 𝐼𝑥𝑧?̈?)                                                                                                               (5.4)   
The desired yaw moment can be formulated as: 






∆𝑒                                                                          (5.5)  
where  𝐾𝑝, 𝐾𝑖 𝑎𝑛𝑑 𝐾𝑑 are the PID control gains, respectively. 
The working principle of the ARDB strategy is shown in Fig.5.17: the master cylinder of 
the braking system is controlled though a look-up table the respective actuator force is 
converted to braking torque in a proportional manner for each wheel in order to control the 
lateral and roll motions. It is assumed here, as in the previous analysis, that the required 
corrective moment MZT is perfectly adjusted and available via the PID control scheme in 




Figure 5.17 The working principle of the ARDB strategy. 
The phase-plane trajectories in terms of 𝛽 − 𝑑𝛽/𝑑𝑡 , 𝜑 − 𝜑/𝑑𝑡  and 𝛽 − 𝑟 − 𝜑  are 
presented to evaluate the lateral stability of the vehicle with ARDB under test maneuver as 
the same as section 5.2. Compared with phase-plane trajectories of the vehicle without 
ARDB, the effectiveness of the ARDB strategy may be evaluated. The benchmark is 
conducted, and the achieved insights are presented as follows: 
Firstly, compared with phase-plane trajectories for the case without ARDB in Figs.5.1, 5.2 
and 5.3, the ARDB can increase the critical speed from 24 m/s to 31 m/s as shown in 
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Figs.5.18, 5.19 and 5.20. Moreover, the ARDB controller can extend the stable region of 
the non-autonomous vehicle dynamic system. 
Secondly, compared with the result without ARDB in Fig.5.1, the ARDB controller can 
extend the stable region of the sideslip angle from −0.02506 𝑟𝑎𝑑 < 𝛽 < 0.02506 𝑟𝑎𝑑 to 
−0.04857 𝑟𝑎𝑑 < 𝛽 < 0.04857 𝑟𝑎𝑑 as shown in Fig.5.18. Hence, the ARDB controller 
can improve the stable region of the vehicle yaw motion. 
 
Figure 5.18 Phase-plane trajectories in 𝛽 − 𝑑𝛽/𝑑𝑡 for the nonlinear 4-DOF vehicle with 
ARDB under variable forward speed. 
Thirdly, compared with the result without ARDB in Fig.5.2, the ARDB controller can 
extend the stable region of the roll angle from −0.01719 𝑟𝑎𝑑 < 𝜑 < 0.01719 𝑟𝑎𝑑  to 
−0.02206 𝑟𝑎𝑑 < 𝜑 < 0.02206 𝑟𝑎𝑑 as shown in Fig.5.19. Hence, the ARDB controller 




Figure 5.19 Phase-plane trajectories in 𝜑 − 𝜑/𝑑𝑡  for the nonlinear 4-DOF vehicle 
model with ARDB under variable forward speed. 
Finally, compared with the result without ARDB in Fig.5.3, the ARDB controller can 
extend the feasible region of the vehicle model, as shown in Fig.5.20, which are shown in 
Table 5.2. Hence, the ARDB controller can improve the stable region of the vehicle lateral 
stability. 
 
Figure 5.20 Phase-plane trajectories in 𝛽 − 𝑟 − 𝜑 for the nonlinear 4-DOF vehicle model 
with ARDB under variable forward speed. 
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Table 5.2 The stable range of the vehicle with and without ARDB. 
 without ARDB with ARDB Improvement 
𝛽 (𝑟𝑎𝑑) [−0.02506, 0.02506] [−0.04775, 0.04775] 90.5% 
𝑟 (𝑟𝑎𝑑/𝑠) [−0.1986, 0.1986] [−0.21853, 0.21853] 0.1% 
φ (𝑟𝑎𝑑) [−0.01719 , 0.01719 ] [−0.02196, 0.02196] 27.7% 
In order to validate the insights achieved from the above discussion the phase-plane 
trajectories under the conditions of 𝑈0 = 24 𝑚/𝑠and25 𝑚/s with 𝛿 = 0.0175 𝑟𝑎𝑑  are 
chosen to study nonlinear dynamic characteristics of the nonlinear 4-DOF vehicle model 
with ARDB at critical and high speeds. 
5.3.1 Simulation Result Analysis of the 4-DOF vehicle Model 
with ARDB at 24 m/s 
Fig.5.21 illustrates phase-plane trajectories, i.e., 𝛽 − 𝑑𝛽/𝑑𝑡, 𝜑 − 𝜑/𝑑𝑡, and 𝛽 − 𝑟 − 𝜑, of 
the nonlinear 4-DOF vehicle model with (blue lines) and without ARDB (red lines) under 
the test maneuver at 24 m/s. Compared with the state trajectories for the case without 
ARDB, the respective state trajectories for the case with ARDB move from the same start 
point (denoted by a red star) and converge at a different individual point located on the 
horizontal axis (denoted by a black star). The respective state variable value at the endpoint 
for the case of ARDB is smaller than that for the case without ARDB. Hence, the ARDB 
controller can decrease the values of the steady-state variables, thereby improving the 








Figure 5.21 Phase-plane trajectories of the nonlinear 4-DOF vehicle model with and 
without ARDB at 𝑈0 = 24 𝑚/𝑠: (a) 𝛽 − 𝑑𝛽/𝑑𝑡, (b) 𝜑 − 𝜑/𝑑𝑡, and (c) 𝛽 − 𝑟 − 𝜑. 
Fig.5.22 illustrates simulation results under the test maneuver at 24 m/s. in terms of the 
time history of the lateral acceleration, slip angle, yaw rate and roll angle of the nonlinear 
4-DOF vehicle model with (blue lines) and without (red lines) ARDB controller, 
respectively. Compared with all state variables for the case without ARDB, each of the 
state variables for the case with ARDB can quickly converge to the respective steady-state 
before 1 s. Moreover, the steady-state values (absolute values) of all state variables for the 
case with ARDB are smaller than those for the case without ARDB. Hence, the ARDB 




Figure 5.22 Time history of (𝑎𝑦, 𝛽, 𝑟, 𝑎𝑛𝑑 𝜑) of the nonlinear 4-DOF vehicle model with 
ARDB under the test maneuver at 𝑈0 = 24 𝑚/𝑠. 
To confirm the above analysis, Fig.5.23 shows the CG trajectories of the vehicle with and 
without ARDB under the test maneuver at 24 m/s. As shown in Fig.5.23 (a) and (b), the 
CG trajectory of the vehicle strongly indicates that the vehicle with ARDB exhibits US 
characteristics, and the vehicle body is well aligned the CG trajectory, implying that the 







Figure 5.23 (a) The CG trajectory of the nonlinear 4-DOF vehicle model with and without 
ARDB under the test maneuver at 𝑈0 = 24 𝑚/𝑠; (b) a closed observation. 
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The above observation can be explained by the following fact. As shown in Fig.5.24, the 
ARDB controller can reduce the peak values of the tire lateral tire forces for all tires and 
ensure that the tire lateral forces and the tire sideslip angle are related in an approximated 
by a linear relationship. Hence, all tire can provide sufficient lateral force to support the 
vehicle to maintain lateral stability under the test maneuver. 
 
Figure 5.24 Tire lateral force vs. sideslip angle of the nonlinear 4-DOF vehicle model with 
ARDB under the test maneuver at 𝑈0 = 24 𝑚/𝑠. 
5.3.2 Simulation Result Analysis of the 4-DOF vehicle Model 
with ARDB at 25 m/s 
Fig.5.25 illustrates phase-plane trajectories of the nonlinear 4-DOF vehicle model with 
(blue lines) and without (red lines) ARDB at 25 m/s, in terms of 𝛽 − 𝑑𝛽/𝑑𝑡, 𝜑 − 𝜑/𝑑𝑡, 
and 𝛽 − 𝑟 − 𝜑, respectively. As shown in the figure, each of the state trajectories for the 
case with ARDB moves from a start point (denoted by a red star), and converges to an 
endpoint located on the horizontal axis (denoted by a black star); accordingly, the 
counterpart for the case without ARDB moves from the same start point (denoted by a red 
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star), and doesn’t converge to the same endpoint on the horizontal axis. Hence, the ARDB 






Figure 5.25 Phase-plane trajectories of the nonlinear 4-DOF vehicle model with and 
without ARDB at 𝑈0 = 25 𝑚/𝑠: (a) 𝛽 − 𝑑𝛽/𝑑𝑡, (b) 𝜑 − 𝜑/𝑑𝑡, and (c) 𝛽 − 𝑟 − 𝜑. 
Fig.5.26 illustrates simulation results, in terms of the time history of the lateral acceleration, 
slip angle, yaw rate, and roll angle, respectively, for the nonlinear 4-DOF vehicle model 
with and without ARDB controller under the test maneuver at 25 m/s. Compared with all 
state variables for the case without ARDB (red line), the respective state variables for the 
case with ARDB quickly converge to their steady states with lower steady-state variable 
values before 1 s. Thus, compared with the case without the ARDB, the ARDB controller 





Figure 5.26 Time history of (𝑎𝑦, 𝛽, 𝑟, 𝑎𝑛𝑑 𝜑) of the nonlinear 4-DOF vehicle model with 
ARDB under the test maneuver at 𝑈0 = 25 𝑚/𝑠. 
To confirm the above analysis, Fig.5.27 shows the CG trajectories of the vehicle with and 
without ARDB under the test maneuver at 25 m/s. As shown in Fig.5.27 (a) and (b), the 
CG trajectory of the vehicle with ARDB indicates that the resulting vehicle exhibits the 
US characteristics, and the vehicle body aligns itself with the CG trajectory. Thus, over the 







Figure 5.27 (a) The CG trajectory of the nonlinear 4-DOF vehicle model with ARDB under 
the test maneuver at 𝑈0 = 25 𝑚/𝑠; (b) a close observation. 
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The above observation can be explained by the following fact. As shown in Fig.5.28, the 
ARDB controller can relatively reduce the peak values of the tire lateral tire forces. Thus, 
the tire lateral forces and the tire side slip angles may be related to maintaining a linear 
relationship. Consequently, all tires can still provide sufficient tire lateral fore to support 
the vehicle executing the test maneuver with stable motions. 
 
Figure 5.28 Tire lateral force versus sideslip angle for the nonlinear 4-DOF vehicle model 
with ARDB under the test maneuver at 𝑈0 = 25 𝑚/𝑠. 
The phase-plane analysis indicates that the ARDB controller can improve the lateral 
stability and the handling performance of the vehicle model under the test maneuver. 
Moreover, the ARDB can extend the available and stable range for the vehicle. 
5.4 Summary 
This chapter proposes the systematic nonlinear stability analytical approach to examine the 
transient dynamics and evaluate the effectiveness of AVSSs for nonlinear single-unit 
vehicle dynamic systems. A 4-DOF nonlinear single-unit vehicle model is generated as the 
nonlinear non-autonomous vehicle dynamic system to examine the transient dynamics for 
the nonlinear single-unit vehicles. Besides, the phase-plane analysis method is applied to 
effectively explore the nonlinear dynamic features for nonlinear non-autonomous single 
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unit vehicle dynamic systems. And the stability boundaries and the critical speed of the 
single unit vehicle under a test maneuver are estimated. The ARDB is developed as an 
AVSS for the nonlinear non-autonomous single-unit vehicle dynamic system to improve 
the safety of the vehicle, which can be used to expand the stability boundaries and improve 
the lateral stability of the non-autonomous single-unit vehicle system. All inferences drawn 
in this chapter have been affirmed through the motion mode analytical approach. 
Hence, the proposed systematic nonlinear stability analytical method is valid in analyzing 
and predicting the transient dynamic features of nonlinear single-unit vehicles and in 
evaluating ARDB’s effectiveness in improving the lateral stability and enhancing the 
handling performance of nonlinear single-unit vehicles.  
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Chapter 6                                            
Nonlinear Stability Analysis and TDYC 
Design for Autonomous Multi-Unit 
Vehicle Dynamic Systems 
6.1  Introduction 
This chapter presents the nonlinear lateral stability and handling performance analysis for 
a multi-unit vehicle by examining the nonlinear dynamic features and evaluating the 
effectiveness of an AVSS. To this end, the multi-unit vehicle is represented by the 6-DOF 
nonlinear yaw-roll car-trailer (CT) model, which was introduced in Chapter 3. In the 
nonlinear lateral stability analysis, the nonlinear CT model is regarded as an autonomous 
dynamic system. The nonlinear lateral stability analysis is implemented to examine the 
steady-state characteristics of the CT by means of bifurcation analysis. The AVSS is 
implemented by designing a trailer direct yaw moment control (TDYC) strategy. 
6.2  Nonlinear Stability Analysis for Autonomous CT 
Dynamic System 
This subsection presents a nonlinear stability analysis of the autonomous CT dynamic 
system. To perform the nonlinear stability analysis for the CT system, we follow a similar 
procedure for exploring the nonlinear dynamic features of single-unit vehicles introduced 
in Chapter 4. Based on the state function of the nonlinear CT model expressed in Eqs. 
(3.21) to (3.28), it is assumed that the longitudinal vehicle motion is ignored, and the 
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forward speed is constant (𝑈𝑐 = 𝑈𝑡 = 𝑈0). With the condition of ?̇? = 0, the equilibrium 
state function of the autonomous CT dynamic system is written as 
  𝑚𝑐𝑟𝑐𝑈0 = 𝐹𝑦1 𝑐𝑜𝑠(𝛿) + 𝐹𝑦2 + 𝐹𝑦𝑡                                                                                   (6.1) 
0 = (𝐹𝑦1 𝑐𝑜𝑠(𝛿))𝑎 − 𝐹𝑦2𝑏 − 𝐹𝑦𝑡𝑑                                                                                     (6.2) 
 𝑚𝑐𝑠ℎ𝑐𝑟𝑐𝑈0 = (𝑚𝑐𝑠𝑔ℎ𝑐 − 𝑘𝑐)𝜙𝑐 + 𝐹𝑦𝑡𝑧𝑐                                                                            (6.3) 
𝑚𝑡𝑟𝑡𝑈0 = 𝐹𝑦3 − 𝐹𝑦𝑡𝑐𝑜 𝑠(𝜓)                                                                                               (6.4) 
0 = −𝐹𝑦3𝑓 − 𝐹𝑦𝑡𝑐𝑜 𝑠(𝜓) 𝑒                                                                                                 (6.5) 
𝑚𝑡𝑠ℎ𝑡𝑟𝑡𝑈0  = (𝑚𝑡𝑠𝑔ℎ𝑡 − 𝑘𝑡)𝜙𝑡 − 𝐹𝑦𝑡𝑐𝑜 𝑠(𝜓) 𝑧𝑡                                                                 (6.6) 
With necessary mathematical manipulations, the nonlinear equations describing the 
autonomous CT dynamic system can be expressed in a state-space representation as: 
0 = 𝑓(𝑋, 𝑃)                                                                                                                         (6.7) 
where 𝑃 is a parameter set, and the state variable vector 𝑋 is defined as: 
𝑋 = [ 𝜙𝑐  𝜙𝑡 𝑟𝑐  𝑉𝑐 𝜓 ]
𝑇                                                                                                     (6.8) 
To perform the bifurcation analysis, computing all equilibria of the autonomous dynamic 
system, which can be represented in bifurcation diagrams of a state variable. The stability 
analysis of an equilibrium point will be executed using the first Lyapunov stability method. 
(The nonlinear CT model parameters are shown as Table C3 in Appendix B.) 
For a CT system, the critical speed is regarded as an essential indicator for characterizing 
the dynamic stability of the vehicle. Thus, to examine the effect of variable forward 
velocity 𝑈0  on the lateral and roll stability of the nonlinear CT model, the bifurcation 
analysis of the CT model are performed with the bifurcation parameter 𝑈0. The front wheel 
steering input δ=0 rad, for different causes,  𝑈0 takes different values like 5, 6, 7, …, 35 
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m/s (with a constant increment step of 1 m/s). As shown in Fig.6.1, for each given forward 
speed, bifurcation diagrams of each state variable from the state vector, X= 
[𝑉𝑐   𝑟𝑐   𝜓   𝜑𝑐   𝜑𝑡]
𝑇 , are plotted against the bifurcation parameter. Note that in the 
following bifurcation diagrams, stable and unstable equilibrium points are identified in 
blue stars and red/turquoise/green stars, respectively. An observation of the bifurcation 
diagrams shown in Fig.6.1 discloses that: 
1) There are two unstable and one stable equilibrium points until U0 reaches 31 m/s. When 
U0 is above 31 m/s, there are only unstable equilibrium points. The bifurcation occurs 
at 32 m/s, which is indicated as the bifurcation point. Hence, the 𝑈0 = 31 𝑚/𝑠 can be 
considered as the approximate critical speed. 
2) If 𝑈0 is less than or equal to 14 m/s, the yaw rate of the car  rc and the articulated angle 
𝜓  will keep large values. Hence: within the low forward speed range, due to the 
sizeable 𝜓  and  rc , the unstable motion should be jackknifing when 𝜓  is more 
significant than 90o. 
3) If 𝑈0 is between 14 m/s and 31 m/s, the lateral velocity of the car 𝑉𝑐 will be the only 
state variable that increases with the forward speed for all unstable equilibrium points 
of bifurcation diagrams. At the same time, all other state variables maintain a small 
value and the articulation angle keeps approximately constant. Hence: in the high 
forward speed region, due to large car lateral velocity, the unstable motion should be 
drift out. 
4) In all unstable equilibrium points, both the roll angle of the car ϕc and the roll angle of 
the trailer 𝜙𝑡 keep small values. Hence: at δ=0 rad, there is a minimal effect on the roll 
motion of the nonlinear CT model by varying forward speed. Hence, the nonlinear CT 













Figure 6.1 The CT model bifurcation diagram with varying forward velocity: (a) 𝑉𝑐 vs 𝑈0, 
(b) 𝑟𝑐 vs 𝑈0, (c) 𝜑𝑡 vs 𝑈0, (d) 𝜑𝑐 vs 𝑈0, and (e) 𝜑𝑡 vs 𝑈0. 
In order to validate the inferences above achieved from the above discussion, some 
individual equilibrium points are chosen for qualitative analysis. First, the equilibrium 
points at 5 m/s are chosen to analyze the nonlinear stability of the CT model at low speeds. 
Secondly, the equilibrium points at 27.8 m/s are chosen to analyze the nonlinear stability 
of the CT model at high speeds. Finally, the equilibrium points at 31 m/s and 32 m/s are 
chosen to analyze the nonlinear stability of the CT model at and above the critical speed. 
6.2.1 Low-speed Case at 5 m/s 




0−5,  and the values of the state variables at the equilibrium points are listed 




Table 6.1 The values of state variables at the equilibrium under 𝑈0 = 5 𝑚/𝑠  and  𝛿 =
0 𝑟𝑎𝑑. 
 𝜙𝑐  (rad)  𝜙𝑡  (rad)  𝑟𝑐 (rad/s) 𝑉𝑐 (m/s) 𝜓 (rad) 
𝑒1
0−5 -0.0235 -0.0069 1.0438 -1.1741 -0.9201 
𝑒2
0−5 0 0 0 0 0 
𝑒3
0−5 0.0235 0.0069 -1.0438 1.1741 0.9201 
The global view of phase portraits for the CT model at  𝑈0 = 5 𝑚/𝑠 and 𝛿 = 0 𝑟𝑎𝑑  is 
shown in Fig.6.2. Fig.6.2 (a) illustrates the 3D phase portraits relating the car yaw rate rc 
and the car lateral velocity Vc  with the articulation, angle  𝜓  to analyze the yaw-plane 
motion stability. Fig.6.2 (b) shows phase portraits relating the car roll angle 𝜙𝑐 with the 
trailer roll angle  ϕt  to analyze the roll stability. These phase portraits describe the 
propagation of the states for a relatively wide range of initial states. Each trajectory begins 
at the red star point (the initial state) and propagates with time. The blue star points 
represent equilibrium points. According to the first Lyapunov stability method, multiple 
trajectories will propagate toward the stable equilibrium point, and propagate away from 
the unstable equilibrium point. By the global view in Fig.6.2, the phase portrait clearly 





Figure 6.2 Global view of phase portraits for the CT model at 𝑈0 = 5 𝑚/𝑠 and 𝛿 = 0 𝑟𝑎𝑑: 
(a)  𝑟𝑐 − 𝑉𝑐 − 𝜓, (b) 𝜙𝑐 −  𝜙𝑡. 
In order to examine all the equilibrium points, the local view of phase portraits for the CT 
model at 𝑈0 = 5 𝑚/𝑠 and 𝛿 = 0 𝑟𝑎𝑑  are shown in Fig.6.3. By the local view, some details 
of equilibrium points can be found: (1) One stable equilibrium point at 𝑒2
0−5 exists, as 
shown in Fig.6.3 (a) and (b). Stability of this solution can be qualitatively determined by 
the fact that the multiple trajectories propagate toward this point. (2) Two unstable 
equilibrium points, i.e., 𝑒1
0−5 𝑎𝑛𝑑 𝑒3
0−5, can be qualitatively determined by the fact that the 
multiple trajectories propagate away from these unstable points as shown as Fig.6.3 (c), 
(d), (e) and (f). Moreover, the two unstable equilibrium points  𝑒1
0−5 𝑎𝑛𝑑 𝑒3
0−5  are 
symmetric. Hence, hereafter, only one equilibrium point 𝑒1














0−5: (a) 𝑟𝑐 − 𝑉𝑐 − 𝜓 at 𝑒2
0−5, (b) 𝜙𝑐 − 𝜙𝑡 at 𝑒2
0−5, (c) 𝑟𝑐 − 𝑉𝑐 − 𝜓 
at 𝑒1
0−5, (d) 𝜙𝑐 − 𝜙𝑡 at 𝑒1
0−5, (e) 𝑟𝑐 − 𝑉𝑐 − 𝜓 at 𝑒3
0−5, and (f) 𝜙𝑐 − 𝜙𝑡 at 𝑒3
0−5 . 
In order to study the nonlinear dynamics of the CT system in the neighborhood of 
equilibrium points, three initial points, 𝑝1
0−5, 𝑝2
0−5, 𝑝3
0−5, are chosen, and the values of the 





Table 6.2 The values of state variables at the three initial points at 𝑈0 = 5 𝑚/𝑠 and 𝛿 =
0 𝑟𝑎𝑑. 
 𝜙𝑐 (rad)  𝜙𝑡 (rad)  𝑟𝑐 (rad/s) 𝑉𝑐 (m/s) 𝜓 (rad) 
𝑝1
0−5 -0.03 -0.01 2 -2 -1 
𝑝2
0−5 -0.01 -0.001 0.1 -0.5 -0.005 
𝑝3
0−5 0.03 0.01 -2 2 1 




0−5,   𝑒2
0−5 𝑎𝑛𝑑  𝑒3
0−5 are shown in Fig.6.4. 
Around the equilibrium points,  𝑒1
0−5 𝑎𝑛𝑑 𝑒3
0−5 , the trajectories from initial points, 
𝑝1
0−5 and 𝑝3
0−5 , propagate away from these equilibrium points. In contrast, around the 
stable equilibrium point,  𝑒2
0−5 , the trajectory from the initial point 𝑝2
0−5  propagates 
towards the equilibrium point. 𝑝1
0−5 and 𝑝2
0−5 are chosen as two individual cases to study 













0−5 : (a) 𝑟𝑐 − 𝑉𝑐 − 𝜓, (b) 𝜙𝑐 −  𝜙𝑡.
For the initial point 𝑝2
0−5 case, Fig.6.5(a) illustrates simulation results in terms of the time 
history of the lateral acceleration 𝑎𝑦, lateral velocity 𝑉, yaw rate 𝛾 , and roll angle 𝜑 for 
both of the car and trailer, as well as the articulation angle 𝜓  between the two units, 
respectively. As shown in Fig.6.5(a), all the state variables can propagate back the 
equilibrium point 𝑒2
0−5 and keep stable. 
Fig.6.5(b) shows the Lyapunov exponents of state variables of the CTS with the initial 
point 𝑝2
0−5 by using 100 iteration times, the Wolf method is employed for determining the 
Lyapunov exponents [40]. According to the stability theory of Lyapunov exponents, if the 
Lyapunov exponents are all converging to negative values, the system is stable. In 
Fig.6.5(a), the Lyapunov exponents for  𝑝2
0−5  are [-2.229679, -3.232539, -3.215808, -
5.201274, -5.175227, -18.701881, -41.886036, -240.347234] at the 100th iteration, which 
prove that the system is not chaotic. The Lyapunov exponents of 𝑒2
0−5are [-2.250940, -
3.213505, -3.236178, -5.167368, -5.185512, -18.717078, -41.908704, -240.380498] at the 






Figure 6.5 (a) Time history of state variables, and (b) the Lyapunov exponents of state 




Moreover, all the Lyapunov exponents of 𝑒2
0−5 𝑎𝑛𝑑 𝑝2
0−5 are very close. Following the 
Lyapunov exponent's theory, if trajectories starting from any arbitrary initial point have the 
same Lyapunov exponents, this means that these initial points are in the same stability 
domain [40]. With this property, the stable region of the CT model at the low-speed case 
can be estimated, as shown in Fig.6.6 and Table 6.5.
(a) (b)
Figure 6.6 The stability region of the CT model at the low-speed case:(a) 𝑉𝑐 − 𝑟𝑐 − 𝜓 and 
(b) 𝜑𝑐 − 𝜑𝑡. 
As a point in the neighborhood of the equilibrium point 𝑒1
0−5, 𝑝1
0−5 is chosen as the initial 
point under 𝑈0 = 5 𝑚/𝑠 and 𝛿 = 0 𝑟𝑎𝑑. Fig.6.7(a) illustrates simulation results in terms 
of the time history of state variables of the CT system with the initial point. As shown in 
Fig.6.7(a), all state variables cannot converge and lose stability. The Lyapunov exponents 
of 𝑝1
0−5are [3.400778, -0.016407, 0.028874, -0.063938, -3.411328, -3.454908, -5.842513, 
-5.851868] at the 100th iteration as shown as Fig.6.7(b). There are two values larger than 





Figure 6.7 (a) Time history of state variables, and (b) the Lyapunov exponents of state 
variables of the CT model with the initial point 𝑝1
0−5. 
An example CT motion mode represented by three wheels is shown in Fig.6.8(a) to clearly 
describe the motion model of the CT system for the above cases. In the figure, the front 
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and rear wheels of the car are denoted in the black and blue rectangle, respectively, and the 
trailer wheel is represented in the red rectangle. The motion modes of the CT with the 
initial point  𝑝1
0−5  is shown in Fig.6.8 (b), both the car and trailer lose stability. The 
articulation angle is increasing with time, when the articulation angle is more significant 
than 90o, a jackknifing occurs. 
(a) (Here: ‘C.G’ point means Center of gravity) 
(b)
Figure 6.8 (a) An example CT motion mode, and (b) the CT motion modes at varied time 
instants in the case of the initial point 𝑝1
0−5. 
As discussed above, all analysis results can prove the inference: under the low forward 
speed, due to the larger articulated angle and the car yaw rate, the unstable motion mode 
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should be jackknifing when the articulation angle reaches 90o. 
6.2.2 High-speed Case at 27.8 m/s 




0−27.8 and the values of the state variables at the equilibrium 
points are shown in Table 6.3. 
Table 6.3 The values of state variables at the equilibrium points under 𝑈0 = 27.8 𝑚/𝑠 
and 𝛿 = 0 𝑟𝑎𝑑. 
 𝜙𝑐 (rad)  𝜙𝑡 (rad)  𝑟𝑐 (rad/s) 𝑉𝑐 (m/s) 𝜓 (rad) 
𝑒1
0−27.8 -0.0281 -0.0091 0.2464 -10.5590 -0.3454 
𝑒2
0−27.8 0 0 0 0 0 
𝑒3
0−27.8 0.0281 0.0091 -0.2464 10.5590 0.3454 
Fig.6.9 (a) and (b) show the global view of phase portraits in terms of 𝑟𝑐 − 𝑉𝑐 − 𝜓 and 𝜙𝑐 −









Figure 6.9 Global view of phase portraits for the CT model at 𝑈0 = 27.8 𝑚/𝑠 and 𝛿 =
0 𝑟𝑎𝑑: (a) 𝑟𝑐 − 𝑉𝑐 − 𝜓 and (b) 𝜙𝑐 − 𝜙𝑡. 




0−27.8: (1) One stable equilibrium solution at 𝑒2
0−27.8 exists, 
as shown in Fig.6.10 (a) and (b). Stability of this solution can be qualitatively determined 
as multiple trajectories propagate towards this point; (2) Two unstable equilibrium points, 
i.e.,  𝑒1
0−27.8and 𝑒3
0−27.8 , can be qualitatively determined as the multiple trajectories 
propagate away from these unstable points, as shown in Fig.6.10 (c), (d), (e) and (f). 
Moreover, as shown in Fig.6.9, the two unstable equilibrium points 𝑒1
0−27.8𝑎𝑛𝑑 𝑒3
0−27.8 are 
located symmetrically. Hence, hereafter, only one equilibrium point, i.e. 𝑒1
0−27.8 , is 








Figure 6.10 Local view of phase portraits for the CT model at 𝑈0 = 27.8 𝑚/𝑠 and 𝛿 =
0 𝑟𝑎𝑑  around  𝑒1
0−27.8, 𝑒2
0−27.8 𝑎𝑛𝑑 𝑒3
0−27.8 : (a) 𝑟𝑐 − 𝑉𝑐 − 𝜓  at 𝑒2
0−27.8 , (b) 𝜙𝑐 − 𝜙𝑡  at 
𝑒2
0−27.8, (c) 𝑟𝑐 − 𝑉𝑐 − 𝜓 at 𝑒1
0−27.8, (d) 𝜙𝑐 − 𝜙𝑡  at 𝑒1
0−27.8, (e) 𝑟𝑐 − 𝑉𝑐 − 𝜓 at 𝑒3
0−27.8, and 
(f) 𝜙𝑐 − 𝜙𝑡 at 𝑒3
0−27.8 .
In order to study the nonlinear dynamics of the CT in the neighborhood of the stable and 




0−27.8, are chosen, and the values of the state variables at the three initial 




Table 6.4 The values of state variables at the three initial points under  𝑈0 = 27.8 𝑚/𝑠 
and 𝛿 = 0 𝑟𝑎𝑑. 
 𝜙𝑐 (rad)  𝜙𝑡 (rad)  𝑟𝑐 (rad/s) 𝑉𝑐 (m/s) 𝜓 (rad) 
𝑝1
0−27.8 -0.03 -0.01 0.3 -11 -0.4 
𝑝2
0−27.8 -0.01 -0.001 0.1 -0.5 -0.005 
𝑝3
0−27.8 0.03 0.01 -0.3 11 0.4 






0−27.8  are shown 
in Fig.6.11(a) and (b). As shown the figures, around the points of 𝑒1
0−27.8𝑎𝑛𝑑 𝑒3
0−27.8, the 
trajectories from initial points 𝑝1
0−27.8 and 𝑝3
0−27.8 propagate away from these equilibrium 
points. For the stable equilibrium point 𝑒2
0−27.8, the trajectory from the initial point 𝑝2
0−27.8  
propagate back to the equilibrium point. 𝑝1
0−27.8 and 𝑝2
0−27.8  are chosen as the two 
individual cases to study nonlinear dynamics of the CT in the neighborhood of the stable 













0−27.8  and  𝑒1
0−27.8, 𝑒2
0−27.8 𝑎𝑛𝑑 𝑒3
0−27.8 : (a) 𝑟𝑐 − 𝑉𝑐 − 𝜓 , and (b) 𝜙𝑐 −
 𝜙𝑡. 
For the initial point 𝑝2
0−27.8 case, Fig.6.12(a) illustrates simulation results in terms of the 
time history of the lateral acceleration 𝑎𝑦, lateral velocity 𝑉, yaw rate 𝛾 and roll angle 𝜑 for 
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both of the car and trailer, as well as the articulation angle 𝜓 between the car and the trailer 
units, respectively. As shown in Fig.6.12 (a), all state variables can propagate back to the 
equilibrium point 𝑒2
0−27.8 and keep stable. 
Fig.6.12 (b) shows the Lyapunov exponents of state variables of the CT with the initial 
point 𝑝2
0−27.8 with 100 iterations of numerical calculations. As shown in Fig.6.12 (b), the 
Lyapunov exponents for 𝑝2
0−27.8 are [-0.557935 -0.586800 -3.337442 -3.378290 -5.569790 
-5.596903 -18.661206 -18.651727] at the 100th iteration, which proves that the system is 
not chaotic. The Lyapunov exponents of 𝑒2
0−27.8 are [-0.557836 -0.586912 -3.339530 -
3.378008 -5.569297 -5.598484 -18.665845 -18.655328] at the 100th iteration, which 









Figure 6.12 (a) time history and (b) the Lyapunov exponents of state variables of the CTS 




Similar to the case of the low speed, the stability region of the CT model at high speeds 
case can be estimated as shown in Fig.6.13. 
(a) (b)
Figure 6.13 The stability region of the CT model at high-speeds case:(a) 𝑉𝑐 − 𝑟𝑐 − 𝜓 and 
(b) 𝜑𝑐 − 𝜑𝑡. 
In order to estimate the stability region of the CT model for different, forward speed cases, 
the stability region of the low-speed and the high-speed cases are shown in Table 6.5. 
Table 6.5 The stability region of the low-speed and the high-speed cases with 𝛿 = 0 𝑟𝑎𝑑 
 𝜙𝑐(rad) 𝜙𝑡(rad)  𝑟𝑐(rad/s)  𝑉𝑐(m/s) 𝜓(rad) 
Low speeds 
(5m/s) 
[-0.037,0.037] [-0.037,0.037] [-1.548,1.548] [-2,2] [-1.02,1.02] 
High speeds 
(27.8m/s) 
[-0.059,0.051] [-0.059,0.059] [-0.223,0.223] [-1.384,1.384] [-0.025,0.025] 
According to the analysis of the stability region in Table 6.5, some features can be found 
as:  
a. With increasing forward speed, the stability region of the car yaw rate  𝑟𝑐 , the car 
lateral velocity 𝑉𝑐 and the articulation angle 𝜓 will decrease, which implies that under 




b. At the same time, the roll angle of the car 𝜙𝑐  and the roll angle of the trailer 𝜙𝑡 both 
keep small values at the low-speed and high-speed cases. Hence, the simulation results 
support another inference: at the front steer angle δ=0 rad, forward vehicle speed 
imposes minimal effects on the roll stability of the nonlinear CT model. 
As a point in the neighborhood of the equilibrium point 𝑒1
0−27.8, 𝑝1
0−27.8 is chosen as the 
initial point at 𝑈0 = 27.8 𝑚/𝑠 and 𝛿 = 0 𝑟𝑎𝑑. Fig.6.14 (a) illustrates simulation results in 
terms of the time history of state variables of the CT with the initial point. As shown in 
Fig.6.14 (a), all state variables do not converge, and the CT loses stability. The Lyapunov 
exponents of 𝑝1
0−27.8are [18.043552 -0.062498 0.127018 -0.240819 -3.348526 -3.420031 
-6.331112 -6.301341] at the 37th iteration as shown as Fig.6.14(b). There are two values 








Figure 6.14 (a) time history of state variables and (b) the Lyapunov exponents of state 
variables of the CT model with the initial point 𝑝1
0−27.8. 
To validate the simulation results discussed above, the motion modes of the CT at varied 
time instants for the initial points 𝑝2
0−27.8𝑎𝑛𝑑 𝑝1
0−27.8 are shown in Fig.6.15(a) and (b). As 
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shown in Fig.6.15 (a), the car and trailer bodies both keep stability after an oscillation in a 
short time with trailer sway. As shown in Fig.6.15(b), the CT will lose stability as time 
goes. The articulation angle keeps an approximately constant value, and both the car and 
the trailer units show a more significant lateral displacement in a short time. Hence, the CT 
experiences the “drift out” unstable motion around the unstable equilibrium point 𝑒1
0−27.8 
in the high-speeds case. 
(a) 
(b) 
Figure 6.15 Motion modes of the CTS at varied time instants for (a) the initial point 𝑝2
0−27.8 




The simulation result shown in Fig.6.15 further discloses that at high forward speeds, the 
lateral velocity of the car 𝑉𝑐 will increase with the forward speed, and the articulated angle 
keeps an approximately constant value. Hence, due to the more significant car lateral 
velocity, around the unstable equilibrium point, the unstable motion should be the motion 
mode in terms of drift out. 
6.2.3 Critical Speed Case at 31 m/s and 32 m/s 
The critical speed is a forward speed, above which the vehicle will lose its stability. To 
date, the vast majority of the critical speed estimating methods for CT systems are based 
on linear dynamic analysis techniques. Therefore, it is crucial to explore practical 
approaches for estimating the critical speed of nonlinear CT systems. 
According to simulation results in terms of the bifurcation diagrams of the CT model 
shown in Fig.6.1, 32 m/s identified as the bifurcation point, and 31 m/s estimated as the 
approximate critical speed. In order to confirm this estimation, equilibrium points at 31 m/s 
and 32 m/s are chosen to analyze the nonlinear stability of the CT model. 




0−31 𝑎𝑛𝑑  𝑒1
0−32,  𝑒2
0−32,  𝑒3
0−32, and the values of the state variables at the 
equilibrium points are shown in Table 6.6. 
Table 6.6 The values of state variables at the equilibrium at 𝑈0 = 31 𝑚/𝑠, 𝑎𝑛𝑑 𝑈0 =
32 𝑚/𝑠 with 𝛿 = 0 𝑟𝑎𝑑. 
 𝜙𝑐 (rad)  𝜙𝑡 (rad)  𝑟𝑐 (rad/s) 𝑉𝑐 (m/s) 𝜓 (rad) 
𝑒1
0−31 -0.0281 -0.0091 0.2206 -12.1292 -0.3471 
𝑒2
0−31 0 0 0 0 0 
𝑒3
0−31 0.0281 0.0091 -0.2206 12.1292 0.3471 
𝑒1
0−32 -0.0281 -0.0091 0.2137 -12.6118 -0.3475 
𝑒2
0−32 0 0 0 0 0 
𝑒3
0−32 0.0281 0.0091 0.2137 12.6118 0.3475 
Fig.6.16 (a) to (d) show the global views of 𝑟𝑐 − 𝑉𝑐 − 𝜓 and 𝜙𝑐 − 𝜙𝑡  phase portraits at 31 




0−31 and two unstable equilibrium points 𝑒1
0−31 𝑎𝑛𝑑 𝑒3
0−31 at 31 m/s. 




0−32 as shown in Fig.6.16 (c) and (d). In other words, the CT model 







Figure 6.16 Global views of phase portraits for the CT model: (a) 𝑟𝑐 − 𝑉𝑐 − 𝜓 at 𝑈0 =
31 𝑚/𝑠, (b) 𝜙𝑐 − 𝜙𝑡  at 𝑈0 = 31 𝑚/𝑠, (c) 𝑟𝑐 − 𝑉𝑐 − 𝜓 at 𝑈0 = 32 𝑚/𝑠, and (d) 𝜙𝑐 − 𝜙𝑡 
at 𝑈0 = 32 𝑚/𝑠. 





0−32 are very close. At the same time, as shown in Fig.6.1, the 
bifurcation occurs at  𝑒2
0−31 and 𝑒2
0−32. Hence, in the following discussion, only 𝑒2
0−31 
and 𝑒2
0−32 are chosen to evaluate the nonlinear stability features of the CT model. 
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As the local views of Fig.6.16, Fig.6.17 shows the phase portraits around two equilibrium 
points  𝑒2
0−31 𝑎𝑛𝑑 𝑒2
0−32  : (1) As the stable equilibrium solution, the stability of this 
solution can be qualitatively determined as multiple trajectories propagate towards the 
point  𝑒2
0−31  as shown as Fig.6.17 (a) and (b). (2) As unstable equilibrium points, the 
stability of this solution can be qualitatively determined as multiple trajectories propagate 
away from the unstable point 𝑒2
0−32 as shown as Fig.6.17 (c) and (d).  
(a) (b) 
(c) (d)
Figure 6.17 Local views of phase portraits for the CT model: (a) 𝑟𝑐 − 𝑉𝑐 − 𝜓 at 𝑒2
0−31  
and  𝑈0 = 31 𝑚/𝑠 , (b) 𝜙𝑐 − 𝜙𝑡  at 𝑒2
0−31  and  𝑈0 = 31 𝑚/𝑠 , (c) 𝑟𝑐 − 𝑉𝑐 − 𝜓  at 𝑒2
0−32 
and 𝑈0 = 32 𝑚/𝑠, and (d) 𝜙𝑐 − 𝜙𝑡 at 𝑈0 = 32 𝑚/𝑠. 





0−32 can be rewritten as 𝑒2
0−31−32 and keep 
the same value. One initial point 𝑝2
0−31−32 is chosen. At this initial point, the values of the 
state variables are the same as those at the point 𝑝2
0−27.8. The phase portraits of 𝑝2
0−31−32 
and 𝑒2
0−31−32 are shown in Fig.6.18 (a) and (b). The trajectory at 31 m/s is in green line 
and named as T31. The trajectory at 32 m/s is shown in black line and named as T32.  As 
the figures have shown, around 𝑒2




propagates back to the equilibrium point at 31 m/s. However, at 32 m/s, the trajectory from 
the same initial point 𝑝2
0−31−32  propagates away from the equilibrium point. Based on the 
definition of the critical speed, 32 m/s can be proved as the approximate critical speed of 
this CT model.  
(a) 
(b)
Figure 6.18 Phase portraits for the CT model around the equilibrium point 𝑒2
0−31−32: (a) 
𝑟𝑐 − 𝑉𝑐 − 𝜓, and (b) 𝜙𝑐 − 𝜙𝑡.
Fig.6.19 (a) and (b) illustrate simulation results in terms of the time history of state 
variables of the CT with the initial point 𝑝2
0−31−32 at 31 m/s and 32 m/s. As shown in 
Fig.6.19 (a), all state variables propagate back to the equilibrium point 𝑒2
0−31−32 and keep 
stable after 80 s at 31 m/s. As seen in Fig.6.19 (b), the Lyapunov exponents for 𝑝2
0−31−32 
are [-0.102282 -0.118943 -3.280983 -3.325529 -5.743186 -5.752984 -15.205516 -
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15.177155] at the 100th iteration, which proves that the system is not chaotic. At 32 m/s, 
all state variables cannot converge, and the CT loses stability, as shown in Fig.6.19 (c). 
Lyapunov exponents of 𝑝2
0−31−32 are [17.910600 0.079737 -0.496170 -0.707023 -
3.703192 -3.814017 -7.264185 -7.249545] at the 37th iteration as shown in Fig.6.19 (d). 







Figure 6.19 (a) Time history of state variables and (b) the Lyapunov exponents of state 
variables of the CTS with the initial point 𝑝2
0−31−32𝑢𝑛𝑑𝑒𝑟 𝑈0 = 31 𝑚/𝑠. (c)Time history 
and (d) the Lyapunov exponents of state variables of the CTS with the initial 
point 𝑝2
0−31−32 𝑢𝑛𝑑𝑒𝑟 𝑈0 = 32 𝑚/𝑠.
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Fig.6.20 shows the relationship between the tire lateral tire force and the tire sideslip angle 
based on the CT model with the initial point 𝑝2
0−31−32 at 31 m/s and 32 m/s. The simulation 
shown in Fig.6.20 indicates that: (1) at 31 m/s, the lateral tire force keeps an excellent linear 
relationship with the tire sideslip angle for all wheels, this means that all wheels can provide 
enough lateral tire force for the CT model to move in the designed direction; (2) at 32 m/s, 
the lateral tire force will be saturated once the tire sideslip angle reaches a specific value. 
For the car front wheel, the lateral force will be saturated at approximately 3325 N. The 
lateral force of car rear wheel will be saturated at approximately 2781 N. For the trailer 
wheel, the saturation value is approximately 1806 N. If the lateral tire force of the tire is 
saturated, the corresponding wheel of the CT is sliding transversely. As shown in Fig.6.20, 
all lateral tire forces of the CT are saturated 32 m/s, the CT slides transversely. At this time, 
the CT model will experience drift out. 
 
Figure 6.20 The relationship between the tire lateral tire force and the tire sideslip angle 
based on the CT model with the initial point 𝑝2





The motion modes of the CT are plotted with the initial point 𝑝2
0−31−32 at 𝑈0 = 32 𝑚/𝑠 to 
confirm the simulation results discussed above, as shown in Fig.6.21 (a). As shown in 
Fig.6.21 (a), the CT model experiences trailer sway motion for a short time. Then, the CT 
model will lose stability and experience drift out. Fig.6.21 (b) illustrates the simulation 
results in terms of the time history of state variables of the CT with the initial point 
𝑝2
0−31−32 at 32 m/s for 5.2 s. It is clearly shown that oscillating occurs for all state variables, 














Figure 6.21 (a) The motion modes at varied time instants with the initial point 𝑝2
0−31−32 
at 𝑈0 = 32 𝑚/𝑠, (b) simulation results in terms of the time history of state variables of the 
CT with the initial point 𝑝2
0−31−32 at 𝑈0 = 32 𝑚/𝑠. 
This section presents a stability analysis to investigate the nonlinear dynamic 
characteristics of the nonlinear CT model and to identify a stable region of the vehicle. A 
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bifurcation analysis is performed to study the nonlinear behaviors of the CT at different, 
forward speeds. The critical speed of the nonlinear CT is identified. The stability region of 
the CT model at low-speed and high-speed cases are estimated using the Lyapunov 
exponents’ stability theory. The nonlinear dynamics of the CT in the neighborhood of the 
stable and unstable equilibrium points are analyzed using the time history of state variables 
and the motion modes of the CT model. 
6.3  TDYC design of the Autonomous Multi-Unit Vehicle 
Dynamic System 
In this subsection, a nonlinear stability analysis is presented to examine the nonlinear 
behaviors of the CT with AVSS under the variation of the forward speed using the 
bifurcation analysis method and the first Lyapunov stability method. Based on the same 
AVSS design concept for the single-unit vehicles proposed in Chapter 4, an AVSS 
controller is designed to improve the lateral stability of the CT by employing a trailer direct 
yaw moment control (TDYC) strategy. Thus, for the CT model, Eq. (3.27) is rewritten as: 
𝐼𝑧𝑡?̇?𝑡 − 𝐼𝑥𝑧𝑡?̈?𝑡 = −𝐹𝑦3𝑓 − (𝐹𝑦𝑡𝑐𝑜 𝑠(𝜓) + 𝐹𝑥𝑡 𝑠𝑖𝑛(𝜓)) 𝑒 + 𝑀𝑍𝑇                                    (6.9) 
where the external trailer yaw moment 𝑀𝑍𝑇 is produced through intelligently adjusting the 
tire longitudinal and lateral forces of the trailer, such as braking forces or steering angles on 
different wheels of the trailer. 
In this section, the effectiveness of the TDYC will be evaluated by analyzing the 
equilibrium states of the autonomous CT dynamic system. Thus, Eq. (6.9) is reformulated 
as: 
0 = −𝐹𝑦3𝑓 − 𝐹𝑦𝑡𝑐𝑜 𝑠(𝜓) 𝑒 + 𝑀𝑍𝑇                                                                                (6.10) 
On the other hand, according to Eq. (6.2), as an autonomous dynamic system, the total yaw 
moment of the car should also keep zero. Hence, the yaw motion of the car and the trailer 
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combination should maintain an equilibrium state. The new yaw motion equation of the 
CT should be rewritten as: 
0 = (𝐹𝑦1 𝑐𝑜𝑠(𝛿))𝑎 − 𝐹𝑦2𝑏 − 𝐹𝑦𝑡𝑑 − 𝐹𝑦3𝑓 − 𝐹𝑦𝑡𝑐𝑜 𝑠(𝜓) 𝑒 + 𝑀𝑍𝑇                             (6.11) 
In order to achieve the yaw motion equilibrium state at hitch point of the CT, the external 
trailer yaw moment 𝑀𝑍𝑇 produced by the trailer wheels should counteract the influence of 
the yaw moment of the car. Hence, the 𝑀𝑍𝑇 maybe determined by 
𝑀𝑍𝑇 = KD((𝐹𝑦1 𝑐𝑜𝑠(𝛿))𝑎 − 𝐹𝑦2𝑏 − 𝐹𝑦𝑡𝑑)                                                                  (6.12)  
where KD denotes the control gain. Note that the KD takes the value of 1.2. 
The TDYC controller design aims at maintaining the lateral stability under the operating 
conditions discussed in Section 6.2. To adequately assess the TDYC controller, the 
following evaluation criteria are specified: 
• To extend the stable region of the autonomous CT dynamic system, the dynamic system 
should increase the number of stable equilibrium points and decrease the number of 
unstable equilibrium points in the relevant bifurcation diagrams. 
• To improve lateral, yaw and roll stability of the CT system, each element of the state 
vector, 𝑋 = [𝑉𝑐   𝑟𝑐   𝜓    𝜑𝑐   𝜑𝑡]
𝑇, of the CT model should be limited in order to ensure 
that all state variables are bounded within the stable region. 
To examine the effectiveness of the AVSS, the bifurcation analysis of the nonlinear CT 
model with TDYC is carried out. Fig.6.22 shows the bifurcation diagrams of each state 
variable from the state vector, 𝑋 = [𝑉𝑐   𝑟𝑐   𝜓    𝜑𝑐   𝜑𝑡]
𝑇, plotted against the bifurcation 
parameter 𝑈0 . Stable equilibrium points are identified by blue stars, and unstable 
equilibrium points are identified by red, green and turquoise stars. A comparison of the 




1) For both cases with and without TDYC, at 𝑈0 below the respective critical speed, there 
exist three equilibrium points, i.e., E1, E2, and E3. Among three equilibrium points, E2 
is a stable equilibrium point, while E1 and E3 are unstable equilibrium points. The two 
unstable equilibrium points are symmetric for the corresponding horizontal axis. In the 
case with TDYC, the critical speed is 42 m/s, above which all equilibrium points are 
unstable. The three unstable equilibrium points converge around 50 m/s, above which 
only one unstable equilibrium point exists, and the point is located on the respective 
horizontal axis. Due to the introduction of the TDYC design, the critical speed of the 
CT increases from 31 m/s to 42 m/s. 
2) Compared with bifurcation diagrams shown in Fig.6.1 for the case without TDYC, the 
bifurcation diagrams seen in Fig.6.22 for the case with TDYC exhibit the following 
features: (a) within the given forward speed range, the state values at E1 and E3 
unstable equilibrium points are smaller; (b) the state values at E1 and E3 unstable 
equilibrium points decrease as the forward speed increases. Based on the 
aforementioned dynamic features, it may be predicted that due to the introduction of 
the TDYC design, the severity of the CT instability under detrimental operating 










Figure 6.22 The CT model with TDYC bifurcation diagram with varying forward velocity: 
(a) 𝑉𝑐 vs 𝑈0, (b) 𝑟𝑐 vs 𝑈0, (c) 𝜑𝑡 vs 𝑈0, (d) 𝜑𝑐 vs 𝑈0, and (e) 𝜑𝑡 vs 𝑈0.  
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In order to validate the inference achieved from the above discussion about the CT with 
DYCT under the test maneuver, the next subsection select the equilibrium points, 𝑒𝑛
𝛿−𝑈0−𝑐, 
at 𝑈0 = 5 𝑚/𝑠 and 27.8 𝑚/𝑠 with 𝛿 = 0 𝑟𝑎𝑑 , namely,  𝑒𝑛
0−5−c and 𝑒𝑛
0−27.8−c , where 
subscript 𝑛 denotes the specific equilibrium point, 𝑖. 𝑒.,  𝐸𝑛, 𝑛 = 1,2,3. At the same time, 
some relevant initial points 𝑝𝑛
𝛿−𝑈0−𝐶  are chosen to study the nonlinear dynamics of the CT 
with TDYC in the neighbourhood of these equilibrium points. 
6.3.1 Low-speed case with and without TDYC at 5 m/s 
At 𝑈0 = 5 𝑚/𝑠 and 𝛿 = 0 𝑟𝑎𝑑, the CT with TDYC has only one stable equilibrium point, 
namely, 𝑒2
0−5−𝑐. In order to study the nonlinear dynamics of the CT with TDYC in the 
neighborhood of the stable equilibrium point. One initial point 𝑝2
0−5−𝑐  is chosen. The 
respective state variable values of two points are also given in Table 6.7. 
Table 6.7 The state variable values for the CT with TDYC at the equilibrium and initial 
points at 𝑈0 = 5 𝑚/𝑠 and 𝛿 = 0 𝑟𝑎𝑑. 
 𝜙𝑐 (rad)  𝜙𝑡 (rad)  𝑟𝑐 (rad/s) 𝑉𝑐 (m/s) 𝜓 (rad) 
𝑒2
0−5−𝑐 0 0 0 0 0 
𝑝2
0−5−𝑐 -0.03 -0.01 1 2 1 
The phase portraits of 𝑝2
0−5−c and 𝑒2
0−5−c  with and without DYCT are shown in Fig.6.23. 
From the same initial point  𝑝2
0−5−c , the phase portrait with TDYC converges to the 
equilibrium point 𝑒2
0−5−c; however, the phase portrait without TDYC does not converge to 
the equilibrium point. Thus, based on the first Lyapunov method, the motions of the CT 
with TDYC are stable in the neighborhood of the stable equilibrium point. In contrast, the 
motions of the CT without TDYC are not stable in the neighborhood of the stable 





Figure 6.23 Phase portraits for the CT model with and without TDYC at 5 𝑚/𝑠: (a) 𝑟𝑐 −
𝑉𝑐 − 𝜓, (b) 𝜙𝑐 − 𝜙𝑡. 
Fig.6.24 illustrates simulation results in terms of the time history of state variables, the 
Lyapunov exponents, and vehicle motion mode at varying time instant of the CT without 
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TDYC from the initial point 𝑝2
0−5−c at 5 𝑚/𝑠 respectively. As shown in Fig.6.24(a), none 
of the state variables of the CT without TDYC converge to the respective equilibrium state, 
implying that the CT loses stability. The Lyapunov exponents of 𝑝2
0−5−𝑐 for the CT without 
DYCT at the 100th iteration is [3.383904   0.035085   0.013679 -0.111166 -3.441149 -
3.462580 -5.951369 -6.301281], as shown in Fig.6.24(b). There are three values larger than 
zero; thereby, the CT system is chaotic. Fig.6.24(c) shows the vehicle motion modes at 






Figure 6.24 (a) Time history of state variables, (b) the Lyapunov exponents, and (c) vehicle 
motion mode at varying time instant of the CT without TDYC from the initial point 𝑝2
0−5−c 
at 𝑈0 = 5 𝑚/𝑠. 
Fig.6.25 illustrates simulation results of the CT with TDYC from the initial point 𝑝2
0−5−c . 
The simulation results are shown in terms of the time history of state variables, the 
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Lyapunov exponents, and the motion modes at varying time instants, respectively. As 
shown in Fig.6.25 (a), each of the state variables of the CT with DYCT can converge to 
the respective equilibrium state of  𝑒2
0−5−c , implying that the vehicle is stable in the 
neighborhood of the stable equilibrium point. The Lyapunov exponents of 𝑝2
0−5−𝑐 for the 
CT with TDYC at the 100th iteration is [-2.009540 -3.222981 -3.195180 -5.122156 -
5.217050 -22.693084 -41.630111 -251.2133371], which are shown in Fig.6.25 (b). There 
is no value larger than zero, meaning that the system is not chaotic. Fig. 6.25 (c) illustrates 
the motion modes of the vehicle at various time instants, implying that the CT is stable. 
Thus, the TDYC controller can improve the lateral stability of the CT at low speed, and the 






Figure 6.25 (a) Time history of state variables, (b) the Lyapunov exponents, and (c) motion 
modes at varying time instant for the CT with TDYC from the initial point 𝑝2





As discussed in Section 6.2, Fig.6.6 shows the stability region of the CT without TDYC. 
Similar to the low-speed case without TDYCT, the stability region of the CT with TDYC 
at low speeds can be estimated as shown in Fig.6.26. 
(a) (b) 
Figure 6.26 The stability region of the CT model with TDYC at 5 m/s:(a) 𝑉𝑐 − 𝑟𝑐 − 𝜓 and 
(b) 𝜑𝑐 − 𝜑𝑡. 
In order to examine the effect of the TDYC on the stability region of the CT at the low-
speed case, the stability regions at low speed for the vehicle with and without DYCT are 
offered in Table 6.8. 
Table 6.8 The stability regions at low speed for the CT with and without TDYCT at 𝑈0 =
5 𝑚/𝑠 and with 𝛿 = 0 𝑟𝑎𝑑. 
Low speeds 
(5m/s) 
𝜙𝑐(rad) 𝜙𝑡(rad)  𝑟𝑐(rad/s)  𝑉𝑐(m/s) 𝜓(rad) 
Without 
TDYC 
[-0.037,0.037] [-0.037,0.037] [-1.548,1.548] [-2,2] [-1.02,1.02] 
With TDYC [-0.049,0.049] [-0.049,0.049] [-2.331,2.331] [-9.014,9.014] [-1.685,1.685] 
Improvement 33.7% 33.7% 50.6% 350.7% 65.2% 
According to the analysis of the stability regions shown in Table 6.8, compared with the 
stability regions of the CT without TDYC at low-speed, the TDYC controller can extend 
the stability region of the car yaw rate 𝑟𝑐 by 50.6%, the car lateral velocity 𝑉𝑐 by 350.7%, 
the articulation angle 𝜓 by 65.2%, and both the car and trailer roll angle by 33.7%. Hence, 
the TDYC controller can increase the lateral stability region of the CT at low speeds.  
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6.3.2 High-speed case with and without TDYC at 27.8 m/s 
At 𝑈0 = 27.8 𝑚/𝑠 and 𝛿 = 0 𝑟𝑎𝑑, the CT with TDYC has only one stable equilibrium 
point, namely, 𝑒2
0−27.8−𝑐 . In order to study the nonlinear dynamics of the CT with and 
without TDYC in the neighborhood of the stable equilibrium point at high speed. One 
initial point 𝑝2
0−27.8−𝑐 is chosen. The respective state variable values of two points are also 
given in Table 6.9. 
Table 6.9 The values of state variables for the CT with TDYC at the equilibrium and initial 
points at 𝑈0 = 27.8 𝑚/𝑠 and 𝛿 = 0 𝑟𝑎𝑑. 
 𝜙𝑐 (rad)  𝜙𝑡 (rad)  𝑟𝑐 (rad/s) 𝑉𝑐 (m/s) 𝜓 (rad) 
𝑒2
0−27.8−𝑐 0 0 0 0 0 
𝑝2
0−27.8−𝑐 -0.03 -0.01 0.3 -3.5 -0.04 
Fig.6.27 shows the phase portraits of 𝑝2
0−27.8−c and 𝑒2
0−27.8−c  for the CT with and without 
TDYC. For the case with TDYC, the phase portrait from the initial point, 𝑝2
0−27.8−c , 
converges to the equilibrium point,  𝑒2
0−27.8−c , while for the case without TDYC, the 
trajectory from the same initial point propagates away from the equilibrium point. Thus, 
based on the first Lyapunov stability method, it can be concluded that the CT with TDYC 
behaves stable in the neighborhood of the equilibrium point, whereas the CT without 





Figure 6.27 Phase portraits for the CT model with and without TDYC at 𝑈0 = 27.8 𝑚/𝑠: 
(a) 𝑟𝑐 − 𝑉𝑐 − 𝜓, and (b) 𝜙𝑐 − 𝜙𝑡. 
Fig.6.28 illustrates simulation results for the CT without TDYC. The simulation results 
based on the initial point 𝑝2
0−27.8−c at 27.8 m/s are presented in terms of the time history of 
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the state variables, the Lyapunov exponents, and the vehicle motion modes at various time 
instants, respectively. As shown in Fig.6.28 (a), none of the state variables converge to the 
equilibrium state, implying that the CT loses stability. As shown in Fig.6.28 (b), the 
Lyapunov exponents of 𝑝2
0−27.8−𝑐  at the 100th iteration are [17.930959 -0.075954 
0.225901 -0.244374 -3.298602 -3.417684 -6.333832 -6.303529]. There are two values 
larger than zero, which further prove that the system is chaotic. Fig.6.28 (c) visualizes the 






Figure 6.28 (a) Time history, (b) the Lyapunov exponents, and (c) motion modes of the 





Fig.6.29 illustrates simulation results of the CT with TDYC from the initial point 𝑝2
0−27.8−c. 
The simulation results are presented in terms of the time history of state variables, the 
Lyapunov exponents, and the vehicle motion modes at various time instants, respectively. 
As shown in Fig.6.29 (a), all state variables of the CT with TDYC can converge to the 
equilibrium state 𝑒2
0−27.8−c, implying that the dynamics of the vehicle in the neighbourhood 
of the equilibrium point is stable. Fig.6.29 (b) shows the Lyapunov exponents of 𝑝2
0−27.8−𝑐 
at the 100th iteration, which are [-3.348188 -3.367959 -3.352568 -3.417151 -4.107902 -
4.145390 -18.811553 -18.774316]. There is no value larger than zero, which further proves 
that the system is not chaotic. Fig.6.29 (c) illustrates the stable motion modes at various 
time instants. It should be mentioned that as shown in Fig.6.29 (c), although the motion 
modes at various time instants are stable, the CT with TDYC cannot travel along the 






Figure 6.29 (a) Time history of state variables, (b) the Lyapunov exponents, and (c) motion 





Similar to Fig.6.26 for showing the stability region of the CT with TDYC at a low speed, 
Fig.6.30 illustrates the stability region of the vehicle at 27.8 m/s.  
(a) (b) 
Figure 6.30 The stability region of the CT model with TDYC at 𝑈0 = 27.8 𝑚/𝑠:(a) 𝑉𝑐 −
𝑟𝑐 − 𝜓 and (b) 𝜑𝑐 − 𝜑𝑡. 
In order to examine the effect of the TDYC on the stability region of the CT model at high 
speeds, the stability region of the CT with and without TDYC at 27.8 m/s are offered in 
Table 6.10. 
Table 6.10 The stability region of the CT with and without TDYC at 𝑈0 = 27.8 𝑚/𝑠 with 
𝛿 = 0 𝑟𝑎𝑑 
High speeds 
(27.8m/s) 
𝜙𝑐(rad) 𝜙𝑡(rad)  𝑟𝑐(rad/s)  𝑉𝑐(m/s) 𝜓(rad) 
Without TDYC [-0.059,0.059] [-0.059,0.059] [-0.223,0.223] [-1.384,1.384] [-0.025,0.025] 
With TDYC [-0.073,0.073] [-0.073,0.073] [-0.384,0.384] [-2.552,2.552] [-0.081,0.081] 
Improvement 23.7% 23.7% 72.2% 84.4% 224% 
According to the analysis of the stability regions provided in Table 6.10, compared with 
the stability regions of the CT without TDYC, the TDYC controller can extend the stability 
region of the car yaw rate 𝑟𝑐 by 72.2%, the car lateral velocity 𝑉𝑐 by 84.4%, the articulation 
angle 𝜓 by 224%, and both the car and trailer roll angels by 23.7%. Hence, the TDYC 
controller can increase the lateral stability region of the CT at high speeds. 
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6.4  Summary 
This chapter proofs the feasibility of the systematic nonlinear stability analytical approach 
in examining the steady-state dynamics and in evaluating the effectiveness of AVSSs for 
nonlinear multi-unit vehicle dynamic systems. A 6-DOF nonlinear CT model is generated 
as the nonlinear autonomous vehicle dynamic system to examine the steady-state dynamics 
for the nonlinear multi-unit vehicles. And the TDYC is developed as an AVSS for the 
nonlinear autonomous multi-unit vehicle dynamic system to improve the safety of the 
vehicle. In addition, the bifurcation analysis method is applied to effectively explore the 
nonlinear dynamic features for nonlinear autonomous multi-unit vehicle dynamic systems, 
which is valid in determining the stability of equilibrium points, predicting vehicle motion 
modes, estimating the stability regions, and evaluating the critical speed of the CT dynamic 
systems under a given initial condition. The TDYC achieves remarkable effect in 
improving the yaw stability of the CT system to avoid unstable motion modes, expanding 
the stability region and in increasing the critical speed of the nonlinear CT dynamic 
systems. All inferences drawn in this chapter have been affirmed through the motion mode 
analytical approach. 
Hence, the proposed systematic nonlinear stability analysis method is valid in analyzing 
and predicting the steady-state characteristics of nonlinear multi-unit vehicles and 
evaluating the effectiveness of TDYC in improving the lateral stability of nonlinear multi-
unit vehicles.  
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Chapter 7                                         
Nonlinear Stability Analysis and ATDB 
Controller design for Non-Autonomous 
Multi-Unit Vehicle Dynamic Systems 
7.1  Introduction 
This chapter presents the nonlinear lateral stability of a multi-unit vehicle, i.e., a car-trailer 
(CT) system. The system is modelled as the nonlinear 6-DOF yaw-roll vehicle that was 
introduced in Chapter 3 of this thesis. The nonlinear CT model is regarded as a non-
autonomous dynamic system in the nonlinear lateral stability. The active vehicle safety 
system (AVSS) is devised with the adoption of an active trailer-wheel differential braking 
(ATDB) control strategy. Similar to Chapter 5, to conduct the nonlinear dynamic analysis 
for single-unit vehicles, the phase-plane analytical approach is used in this chapter to probe 
into the nonlinear dynamics of the CT system and to evaluate the effectiveness of the 
ATDB control strategy. 
7.2  Nonlinear Stability Analysis of the Non-
Autonomous Multi-Unit Vehicle Dynamic System 
According to the kinematic analysis based on the yaw-roll model shown in Fig.3.11, the 
relationship among the side-slip angles of the car and trailer, the yaw rate of the car and 
trailer, the roll angles of the car and trailer, and the articulation angle between the car and 
trailer can be expressed as: 
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𝑟𝑡 + 𝜓 = 0                        (7.1) 
𝜓 = ∫ (𝑟𝑡 − 𝑟𝑐)
𝑡
0
𝑑𝑡                                                                                                                        (7.2) 
𝛽𝑐 = arctan (
𝑉𝑐
𝑈𝑐
)                                                                                                                           (7.3) 
𝛽𝑡 = arctan (
𝑉𝑡
𝑈𝑡
)                                                                                                                           (7.4) 
where d and e are the distances from the CG the car and the CG of the trailer to the hitch 
point, respectively, 𝛽𝑐 and 𝛽𝑡 are the side-slip angle at the respective CG of the car and the 
trailer, ℎ𝑐𝑐𝑜𝑠(𝜑𝑐) and ℎ𝑡𝑐𝑜𝑠(𝜑𝑡) are the vertical distance between the body CG to the roll 
center of the car and the trailer, rc and rt are defined as the yaw rate of the car and the 
trailer, respectively. Note that the relationship shown in Eq. (7.1) will be used to aid the 
phase-plane analysis to evaluate the yaw and roll stability of the nonlinear CT model. 
The nonlinear stability analysis is based on the phase-plane analysis, which examines: 
a. The relation between the leading unit’s side-slip angle and side-slip angular velocity 
(𝛽𝑐 − 𝑑𝛽𝑐/𝑑𝑡); 
b.  The relation between the trailing unit’s side-slip angle and side-slip angular velocity 
(𝛽𝑡 − 𝑑𝛽𝑡/𝑑𝑡);  
c. The interrelation of the side-slip angle of the leading unit, the yaw rate of the leading 
unit, and the articulation angle between the leading and trailing units (𝛽𝑐 − 𝑟𝑐 − 𝜓); 
d. The interrelation of the side-slip angle of the trailing unit, the yaw rate of the trailing 
unit, and the articulation angle between the leading and trailing units (𝛽𝑡 − 𝑟𝑡 − 𝜓); 
e. The relation between the articulation angle and the articulation angular velocity (𝜓 −
𝑑𝜓/𝑑𝑡). Results of the simulation are analyzed to assess the lateral stability of the 
articulated vehicle; 
f. Similarly, the leading unit’s roll angle and roll angular velocity (𝜑𝑐 − 𝜑𝑐/𝑑𝑡), and the 
trailing unit’s roll angle and roll angular velocity (𝜑𝑡 − 𝑑𝜑𝑡/𝑑𝑡), are examined to 
evaluate the roll stability of this combination. 
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To conduct the nonlinear stability analysis, typically, an emergency evasive test maneuver 
is emulated. Under the simulated emergency evasive test maneuver, the car front wheel 
steer angle input, as shown in Fig.3.2 is used. The forward speed varies from 5 m/s to 37 
m/s with an increment step of 1 m/s. Note that in order to analyze the overall dynamics of 
the CT model, the car front wheel’s right and left steering will be considered. 
Figs.7.1 and 7.2 show the phase-plane trajectories of the side-slip angle and side-slip 
angular velocity of the car and the trailer, i.e., ( 𝛽𝑐 − 𝑑𝛽𝑐/𝑑𝑡 ) and ( 𝛽𝑡 − 𝑑𝛽𝑡/𝑑𝑡 ), 
respectively. Each of the state trajectories is associated with a specified value of the car 
forward speed. The X-axis denotes the variable quantity of the car and the trailer’s side slip 
angle. The Y-axis represents the variable rate of car and trailer’s side slip angle. The effect 
of the car forward speed on the yaw stability of the CT is clearly illustrated by the 
trajectories of (𝛽𝑐 − 𝑑𝛽𝑐/𝑑𝑡) and (𝛽𝑡 − 𝑑𝛽𝑡/𝑑𝑡). 
As shown in Figs.7.1 and 7.2, all the state trajectories are divided into two regions: 
1) If the car forward speed is less than or equal to 36 m/s, all the state trajectories will 
return to the origin of the coordinate system, meaning that the system can keep yaw 
stability. This region of the state trajectories is named the stable region of the CT yaw 
motion. Compared with the trajectories returning to the origin shown in Fig.71., the 
counterparts shown in Fig.7.2 cover larger phase-plane ranges in the stable region. As 
shown in Fig.7.1, the stable region of the car unit is enclosed in the phase-plane range 
of −0.0735 𝑟𝑎𝑑 < 𝛽𝑐 < 0.0735 𝑟𝑎𝑑 and −0.126 𝑟𝑎𝑑/𝑠 < 𝑑𝛽𝑐/𝑑𝑡 < 0.126 𝑟𝑎𝑑/𝑠, 
while the stable region of the trailer unit shown in Fig.7.2 is extended to the phase-
plane range of −1.225 𝑟𝑎𝑑 < 𝛽𝑡 < 1.225 𝑟𝑎𝑑  and  −1.6625 𝑟𝑎𝑑/𝑠 < 𝑑𝛽𝑡/𝑑𝑡 <
1.6625 𝑟𝑎𝑑/𝑠. Hence, under the test maneuver, compared with the car, the trailer has 
amplified lateral motions. This phenomenon is usually called “Rearward 
Amplification,” which is one of the unique dynamic features of articulated vehicles 
[7]. 
2) If the car forward speed is more significant than 36 m/s, e.g., 37 m/s, all the state 
trajectories will diverge with increasing time and do not return to the origin of the 
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coordinate system. The CT will lose yaw stability. Hence, the 36 m/s can be considered 
as the approximate critical speed of the CT. 
 
Figure 7.1 Phase-plane trajectories of the nonlinear CT model in 𝛽𝑐 − 𝑑𝛽𝑐/𝑑𝑡  with 
variable forward speed. 
 
Figure 7.2 Phase-plane trajectories of the nonlinear CT model in 𝛽𝑡 − 𝑑𝛽𝑡/𝑑𝑡  with 
variable forward speed. 
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Fig.7.3 shows the phase-plane trajectories of the articulation angle and articulation angular 
velocity, 𝜓 − 𝑑𝜓/𝑑𝑡. Each of the state trajectories is associated with a specified value of 
the car forward speed. Similar to the trajectories shown in Figs.7.1 and 7.2, all the state 
trajectories illustrated in Fig.7.3 are also divided into 2 regions. The stable region is 
enclosed in the phase-plane range of −0.7875 𝑟𝑎𝑑 < 𝜓 < 0.7875 𝑟𝑎𝑑 and −1.575 𝑟𝑎𝑑/
𝑠 < 𝑑𝜓/𝑑𝑡 < 1.575 𝑟𝑎𝑑/𝑠. The critical speed of the CT is 36 m/s. If the car forward speed 
is above this critical speed, all the state trajectories will diverge, and the CT will experience 
the jackknifing unstable motion mode when the articulation angle larger than 
1.575 𝑟𝑎𝑑 (90 𝑑𝑒𝑔𝑟𝑒𝑒). 
 
Figure 7.3 Phase-plane trajectories of the nonlinear CT model in 𝜓 − 𝑑𝜓/𝑑𝑡 with variable 
forward speed. 
As shown in Figs.7.1 and 7.2, the phase-plane analysis based on (𝛽𝑐 − 𝑑𝛽𝑐/𝑑𝑡) and (𝛽𝑡 −
𝑑𝛽𝑡/𝑑𝑡) may be useful for assessing the yaw stability of the car and the trailer separately. 
This 2-D phase-plane analysis has been widely applied to the yaw stability evaluation for 
single-unit vehicles [45]. For the CT, the relationship between the yaw motions of the car 
and the trailer is governed by Eq. (7.1), implying that the sideslip angle of the car and 
trailer, the yaw rate of the car and trailer, and the articulation angle between the two vehicle 
units are interrelated. To use the phase-plane analysis to evaluate the lateral stability of the 
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car and the trailer simultaneously, the 3D state trajectories of (𝛽𝑐 − 𝑟𝑐 − 𝜓) and (𝛽𝑡 − 𝑟𝑡 −
𝜓) are examined. Figs.7.4 and 7.5 show the 3D phase-plane trajectories interrelating the 
side-slip angle of the car and trailer, the yaw rate of the car and trailer, and the articulation 
angle between the car and the trailer. Each of the state trajectories of (𝛽𝑐 − 𝑟𝑐 − 𝜓) and 
(𝛽𝑡 − 𝑟𝑡 − 𝜓) is associated with specified vehicle forward speed. The results shown in 
Figs.7.4 and 7.5 are consistent with those illustrated in Figs.7.1 and 7.2, indicating that the 
CT will lose its lateral stability if the forward speed is above 36 m/s. It is proposed that the 
3D state trajectories of (𝛽𝑐 − 𝑟𝑐 − 𝜓) and (𝛽𝑡 − 𝑟𝑡 − 𝜓) are used to conduct the lateral 
stability analysis of the CT. 
 





Figure 7.5 Phase-plane trajectories of the nonlinear CT model in 𝛽𝑡 − 𝑟𝑡 − 𝜓 with variable 
forward speed. 
Corresponding to the phase-plane trajectories shown in Figs.7.1 to 7.2 for yaw stability 
analysis of the CT, Figs.7.6 and 7.7 show the phase-plane trajectories of the roll angle and 
roll angular velocity of the leading and trailer units, i.e., (𝜑𝑐 − 𝜑𝑐/𝑑𝑡) and (𝜑𝑡 − 𝜑𝑡/𝑑𝑡), 
respectively, of the CT. The phase-plane trajectories shown in Figs.7.6 and 7.7 may be 
used for roll stability analysis of the CT. 
Similarly, each of the state trajectories illustrated in Figs.7.6 and 7.7 is associated with a 
specified vehicle forward speed from the speed series of 5 m/s to 37 m/s. A close 
observation of the state trajectories shown in Figs.7.6 and 7.7 discloses an interesting 
phenomenon with the following features:  
(1) The state trajectories corresponding to forward speeds less than the critical speed 
converges to the origin of the coordinate system, while the state trajectories 
corresponding to forward speeds above the critical speed converges at an individual 
point located on the horizontal axis. 
(2) For those convergent points on the horizontal axis, the higher the forward speed with 
which a convergent point is associated, the longer the distance the point is located from 
the origin point.  
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(3) For those meeting points on the horizontal axis (excluding the origin of the coordinate 
system), the CT loses its yaw stability without rollover. With the occurrence of the yaw 
instability, the roll angle for the car and trailer can be determined by the meeting points 
on the horizontal axis, as shown in Fig.7.6 and Fig.7.7, respectively.  
 
Figure 7.6 Phase-plane trajectories of the nonlinear CT model in 𝜑𝑐 − 𝑑𝜑𝑐/𝑑𝑡  with 
variable forward speed. 
 
Figure 7.7 Phase-plane trajectories of the nonlinear CT model in 𝜑𝑡 − 𝑑𝜑𝑡/𝑑𝑡  with 
variable forward speed. 
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According to this phase-plane stability analysis, 𝑈0 = 36 𝑚/𝑠 can be considered as the 
critical speed of the CT. Hence, the operating region of the state trajectories at 36 m/s is 
considered as the feasible region of this nonlinear CT model. The operating or stable region 
for each state variable is offered in Table 7.1. In the stable domain, the vehicle system 
states can be physically reached. This domain may be used to design the active trailer safety 
controller. 
Table 7.1 The stable regions of the CT without ATDB under the test maneuver. 
 without ATDB 
𝛽𝑐 (𝑟𝑎𝑑) [−0.0735, 0.0735] 
𝛽𝑡 (𝑟𝑎𝑑) [−1.225, 1.225] 
𝜓 (𝑟𝑎𝑑) [−0.7875, 0.7875 ] 
𝑟𝑐 (𝑟𝑎𝑑/𝑠) [−0.4025, 0.4025] 
𝑟𝑡 (𝑟𝑎𝑑/𝑠) [−0.6475, 0.6475 ] 
𝜑c (𝑟𝑎𝑑) [−0.02975, 0.02975] 
𝜑𝑡 (𝑟𝑎𝑑) [−0.014875, 0.014875] 
To validate the inference achieved from the above discussion, select the phase-plane 
trajectories achieved under the test maneuvers at 25, 36 and 37 m/s to do the qualitative 
analysis of nonlinear dynamics of the CT without ATDB. 
7.2.1 Simulation Result Analysis of the Nonlinear CT Model at 
25 m/s  
Fig.7.8 illustrates simulation results of the CT achieved under the evasive maneuver at 25 
m/s in terms of the time history of the lateral acceleration, slip angle, yaw rate and roll 
angle both of car and trailer units, and the articulation angle between the car and the trailer 
units, respectively. As shown in Fig.7.8, when the CT completes the first sine wave motion, 
both vehicle units’ state variables converge to the steady-state quickly, implying that the 




Figure 7.8 Time history of state variables of the CT model under the evasive maneuver at 
𝑈0 = 25 𝑚/𝑠. 
 
Figure 7.9 Trajectories of the car and trailer of the CT under the evasive maneuver at 𝑈0 =
25 𝑚/𝑠.  
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To confirm the simulation above result analysis, Fig.7.9 shows the trajectories of vehicle 
units of the CT are plotted over the evasive maneuver at 25 m/s. (Note that, the car and 
trailer bodies are represented by a blue rectangle and a red rectangle, respectively; the two 
black lines represent the boundaries of the specified path.) The car and trailer bodies both 
keep stability and the vehicle units’ trajectories do not violate the specified path boundaries 
(black lines). However, after the lane change, the CT will deviate from the horizontal 
straight line.  This observation can be explained by the following facts: 
1. As shown in Fig.7.10, under the evasive maneuver at 25 m/s, the lateral tire force and 
the tire sideslip angle for all tires of the CT are related in a linear relationship. Hence, 
all tires can provide sufficient tire lateral forces to support the vehicle moving and keep 
lateral stability. 
2. As shown in Fig.7.11, after the first sine wave, there are ripples of the lateral velocities 
of the car and trailer. The lateral velocity ripples make the CT deviate from the straight 
path in the horizontal direction. 
 
Figure 7.10 The tire sideslip angle vs. lateral force for the CT over the evasive maneuver 




Figure 7.11 Lateral velocity vs. longitudinal velocity for the car and trailer of the CT over 
the evasive maneuver at 𝑈0 = 25 𝑚/𝑠. 
7.2.2 Simulation Result Analysis of the Nonlinear CT Model at 
36 m/s 
Fig.7.12 illustrates simulation results of the CT under the evasive maneuver at 36 m/s, in 
terms of the time history of the lateral acceleration, slip angle, yaw rate and roll angle for 
both of the car and trailer, and the articulation angle between the car and trailer, 
respectively. 
Compared with the simulation results shown in Fig.7.11 for the case of 25 m/s, as shown 
in Fig.7.12 for the case of 36 m/s, much longer time is required for the state variables to 
converge to the steady-state of the CT. In the former case, the state variables converge to 
the steady-state at the time instant of around 7.0 s, while in the latter case, the state variables 
converge to the steady-state at the time instant of around 23 s. The analysis of the 




(1) Compared with the car, the slip-angle and the yaw rate of the trailer show much larger 
amplitudes of oscillations within the time, implying that the trailer experiences more 
significant yaw motion, while the car travels smoothly. The articulation angle between the 
car and trailer also oscillates, and the oscillation dies out slowly as time goes. This CT 
motion mode is generally called trailer sway. 
(2) The roll angle of both the car and trailer units also oscillates within the time. However, 
the oscillation is bounded within -0.035rad to 0.035rad. Hence, both the car and trailer 
maintain roll stable. 
 
Figure 7.12 Time history of state variables of the CT under the evasive maneuver at 𝑈0 =
36 𝑚/𝑠. 
To confirm the simulation results discussed above, Fig.7.13 shows the motion modes of 
the CT under the maneuver at 36 m/s. In Fig.7.13 (a), the car and trailer bodies both remain 
stable and follow the specified path by the time instant of 2.2 s. Then, the CT experiences 
the trailer sway motion mode, and the vehicle transverses across the boundary of the 
predefined path with trailer sway until the time instant of 20 s. After this instant, the 
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oscillation of the trailer will be reduced, but the CT loses the heading direction. A close 
observation of the results shown in Fig.7.13 (b) discloses that the trailer body experiences 
the trailer sway motion mode. 
(a) 
(b) 
Figure 7.13 (a) Trajectories of the car and trailer of the CT model under the evasive 
maneuver at 𝑈0 = 36 𝑚/𝑠; (b) A close observation by the time instant of 20 seconds. 
As discussed above, the trailer sway has been identified under the evasive maneuver at 36 
m/s. However, the root cause of this motion mode may not be easily determined. To address 
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this problem, Fig.7.14 shows the relationship between the lateral tire force and the tire 
sideslip angle for the CT model under the evasive maneuver at 36 m/s. It is shown that the 
trailer tire operates in its nonlinear dynamic range, and the lateral tire force is saturated, 
resulting in the trailer sliding transversely. While the lateral tire force and the tire side-slip 
angle of car front and rear tires still operate following the linear relationship. Hence, the 
lateral tire forces of the car can prevent this unit from sliding transversely. Thus, the car 
can travel along a direction, while the trailer slides back and forth transversely around the 
hitch, which is the typical trailer sway motion mode. 
 
Figure 7.14 The lateral tire force vs. tire sideslip angle for the CT model under the evasive 
maneuver at 𝑈0 = 36 𝑚/𝑠. 
In order to further examine the trailer sway mode, Fig.7.15 shows the relationship between 
the lateral velocity and longitudinal velocity of the vehicle units of the CT under the evasive 
maneuver at 36 m/s. Numerical simulation indicates that for the trailer, the lateral motion 
dominates after the time instant of 8 s, while for the car, the longitudinal motion still 
dominates. Fig.7.15 indicates 1) the velocity trajectory of the trailer looks symmetric to the 





Figure 7.15 Longitudinal velocity vs. lateral velocity of the vehicle units of the CT model 
under the evasive maneuver at 𝑈0 = 36 𝑚/𝑠. 
7.2.3 Simulation Result Analysis of the Nonlinear CT Model at 
37 m/s 
Fig.7.16 illustrates simulation results of the CT under the evasive maneuver at 37 m/s. The 
simulation results are presented in terms of the time history of the lateral acceleration, slip 
angle, yaw rate, roll angle both of car and trailer, and the articulation angle between the car 
and trailer, respectively. 
A close observation of the simulation results within the time of 2.2 to 13.41s shown in 
Fig.7.16 discloses the following facts: 
(1) The lateral acceleration of car and trailer reaches the respective saturation value of -
0.7g and -0.76 g at 3.5 s. Then, the saturated values maintain until the time instant of 9.08 
s. Within the time from 3.5 to 9.08 s, the lateral acceleration, the sideslip angle, and the 
yaw rate of both the car and trailer do not change the respective directions, which implies 
that the car and trailer experience yaw motions in the same direction until the CT drifting 
out. Due to the drift out, the CT loses its lateral stability. After the time instant of 9.08 s, 
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the CT will reach chaos. In this process, the articulation angle reaches 1.575 rad, and the 
CT exhibits an unstable motion mode of jackknifing. 
(2) The roll angles of the car and trailer reach the respective value of -0.03 rad and -0.01 
rad at 3.5 s. Then, the car and trailer maintain their respective roll angles until 9.08 s. After 
this time instant, the roll angles of the car and the trailer vary, and their peak values are 
0.042 rad and 0.01 rad, respectively. These peak values of roll angle values are not large 
enough to cause a rollover unstable motion mode. Hence, both the car and trailer maintain 
roll stability. 
 
Figure 7.16 Time history of state variables of the CT under the evasive maneuver at 𝑈0 =
37 𝑚/𝑠. 
To justify the aforementioned yaw and roll stability analyses, further, analyze the dynamics 
of the CT in terms of motion modes under the evasive maneuver at 37 m/s. As shown in 
Fig.7.17, the car and trailer travel stably and follow the predefined path until the 
displacement in X-axis reaches 125 m. Then, the CT experiences spinning and drifting out. 
During the process, the articulation angle varies and reaches a very sharp angle, resulting 




(b) (Jackknife unstable motion mode) 
Figure 7.17 (a) Motion modes at different time instants of the CT under the evasive 
maneuver at 𝑈0 = 37 𝑚/𝑠, and (b) a close observation. 
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As discussed above, under the evasive maneuver at 37 m/s, the CT faces chaos, which is a 
combination of multiple unstable motion modes, including jackknifing, spinning, and 
drifting out. 
To dig out the roots for the chaos, we examine the simulation results shown in Figs.7.18 to 
7.20 in terms of the respective relationships between: 1) the lateral tire force and the tire 
sideslip angle, 2) the lateral tire forces and elapsing time, and 3) the longitudinal velocity 
and the lateral velocity. 
 
Figure 7.18 Lateral tire forces vs. tires side-slip angles of the CT model under the 
emergency evasive maneuver at 𝑈0 = 37 𝑚/𝑠. 
As shown in Fig.7.18, all the lateral tire forces of the CT model reach their saturation values 
of -3325N, -2781N and -1806N for the car front tire, the car rear tire, and the trailer tire, 
respectively. In other words, all wheels of the CT model will slide transversely after their 




Figure 7.19 Time history of lateral tire forces of the CT under the evasive maneuver at 
𝑈0 = 37 𝑚/𝑠. 
As shown in Fig.7.19, the lateral tire force of the trailer is the first one to reach its saturation 
value of -1806 N at 3.7 s. Hence, the trailer wheel slides transversely first, and the trailer 
sliding leads to the undesired trailer yaw motions. Then, the lateral force of the car rear tire 
reaches its saturation value of -2780 N at 4.24 s. Finally, the lateral force of the car front 
tire reaches its saturation value of -3325 N at 5.32 s. The motion chaos of the CT may be 
interpreted as follows: 1) the trailer slides laterally first, and the trailer’s lateral sliding 
contributes to the jackknifing of the CT; 2) the rear tire of the car slides laterally second, 
the combined effect of the trailer’s lateral sliding and the car’s rear tire sliding contributes 
the drifting out of the CT; and 3) the front tire of the car slides finally and laterally, the 
combined effect of the lateral sliding of all tires of the car and trailer contributes to the CT 




Figure 7.20 Longitudinal velocity vs. lateral velocity of the car and trailer of the CT model 
under the emergency evasive maneuver at 𝑈0 = 37 𝑚/𝑠. 
As shown in Fig.7.20, the significant difference between the velocity trajectories of the two 
vehicle units explains the chaos of the motion of the CT under the given maneuver. By the 
time when both vehicle units have zero longitudinal velocity, their lateral velocities take 
negative values (except for the initial time, within which the two vehicle units’ lateral 
velocities take positive values), which implies that the CT continuously moves laterally to 
the right and drifts out of the specified path. Moreover, the same sign of the lateral 
velocities of the two vehicle units also interprets the spin of the CT over the maneuver. On 
the other hand, as seen in Fig.7.20, at the same longitudinal speed, the lateral speed of the 
trailer is different from that of the car, and the difference of the lateral speed between the 
two vehicle units may cause the jackknifing of the CT. The analysis based on the simulation 
result shown in Figure7.20 is consistent with that based on the results shown in Fig.7.19. 
This section presents a systematic nonlinear stability analysis of the CT model as a non-
autonomous dynamic system. A phase-plane analysis has been conducted to study the CT 
motion characteristics in various initial conditions and to estimate the stability boundaries 
of the CT. Over the simulated maneuver, the motions of the CT have been analyzed in 
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order to identify the motion modes of the vehicle, such as jackknifing, trailer sway, 
rollover, as well as drift out and spin. Moreover, the reasons for the above unstable motion 
modes of the CT are studied by analyzing lateral tire force saturations on different vehicle 
tires, state variables values and trajectories of the CT. 
7.3  ARDB controller design of the Non-Autonomous 
Multi-Unit Vehicle Dynamic System 
Similar to the procedure for designing the AVSS for single-unit vehicles introduced in 
Chapter 5, this section designs an active trailer differential braking (ATDB) system to 
improve the lateral stability of the CT, which is treated as a non-autonomous dynamic 
system. 
The proposed ATDB controller is designed using the PID technique, and the strategy is 
shown in Fig.7.21. The essential concept of this control strategy is to use the external trailer 
yaw moment resulting from the trailer wheels differential braking to enhance the lateral 
stability of the CT. As shown in Fig.7.21, seven sensors are employed to collect the vehicle 
state variables, including the forward speed, car and trailer lateral speed, as well as yaw 
rate and roll angle of both the car and trailer. The sensor information will be sent to the 
controller for manipulating the trailer wheel braking system to produce an external trailer 
yaw moment through differential braking control. Then, this yaw moment will be applied 
to the trailer. The resulting trailer yaw moment will prevent the unstable motion modes of 




Figure 7.21 The proposed ATDB strategy. 
With the ATDB control strategy, the vehicle state variables from the sensors are analyzed, 
and the performance measures are to be calculated. If there is a potential for unstable 
motion models, such as the trailer sway and jackknifing, the ATDB controller will 
manipulate the trailer braking system. Through the trailer wheels differential braking, the 
resulting trailer yaw moment will ensure that the CT maintain lateral stability. Thus, the 
sideslip angle of the trailer’s body and the articulated angle between the car and trailer can 
be reduced, and the trailer sway and the jackknifing may be prevented. In this process, the 
external trailer yaw moment 𝑀𝑍𝑇 is produced through intelligently adjusting differential 





∙ ∆𝐹𝑡                                                                                                                  (7.5) 
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where ∆𝐹𝑡 is the longitudinal force difference between the left and the right wheels of the 
trailer, and 𝑇𝑡 is the trailer wheel-track. 
The PID controller design can be described as an optimization problem, and the goal is to 
minimize the control error. Based on Eq. (3.7), the control error is defined in the trailer 
yaw moment expressed as: 
∆𝑒𝑡 = (𝐼𝑧𝑡?̇?𝑡 − 𝐼𝑥𝑧𝑡?̈?𝑡)                                                                                                    (7.6)   
and the PID control function can be written as: 






∆𝑒𝑡                                                               (7.7)  
Where  𝐾𝑝𝑡, 𝐾𝑖𝑡 𝑎𝑛𝑑 𝐾𝑑𝑡 are the control gains, respectively. 
The operating principle of the ATDB is shown in Fig.7.22. In order to achieve this ATDB 
control strategy, the master cylinder of the trailer braking system is controlled though a 
look-up table the respective actuator force is converted to braking torque in a proportional 
manner for each wheel in order to control the lateral and roll motions. It is assumed here, 
as in the previous analysis, that the required corrective moment MZT is perfectly adjusted 




Figure 7.22 The working principle of ATDB of the vehicle model. 
A test maneuver introduced in Section 5.2 is emulated to conduct the nonlinear stability 
analysis for the CT with ATDB. The phase-plane trajectories are presented in terms of 
(𝛽𝑐 − 𝑑𝛽𝑐/𝑑𝑡), (𝛽𝑡 − 𝑑𝛽𝑡/𝑑𝑡), (𝜓 − 𝑑𝜓/𝑑𝑡), (𝜑𝑐 − 𝜑𝑐/𝑑𝑡), (𝜑𝑡 − 𝑑𝜑𝑡/𝑑𝑡), (𝛽𝑐 − 𝑟𝑐 −
𝜓) and (𝛽𝑡 − 𝑟𝑡 − 𝜓) to evaluate the lateral stability of the CT with ATDB. Based on the 
phase-plane trajectories of the CT with ATDB shown in Fig.7.23 to 7.29, the effect of the 
ATDB controller can be observed: 
Firstly, the ATDB controller can increase the critical speed of the CT from 36 m/s for the 
case without ATDB to 42 m/s for the case with ATDB. 
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Secondly, as shown in Fig.7.23, the ATDB controller can extend the stable region of the 
sideslip angle of the car’s body 𝛽𝑐 from [−0.0735, 0.0735] 𝑟𝑎𝑑  for the case without 
ATDB (shown in Fig.7.1) to [−0.3495, 0.3495] 𝑟𝑎𝑑 for the case with ATDB. Hence, the 
ATDB controller can improve the stable region of the car yaw motion. 
 
Figure 7.23 Phase-plane trajectories of the nonlinear CT model in 𝛽𝑐 − 𝑑𝛽𝑐/𝑑𝑡  with 
ATDB under variable forward speed. 
Similarly, compared with the Fig.7.2, the ATDB controller can extend the stable region of 
the sideslip angle of the trailer’s body  𝛽𝑡 from [−1.225, 1.225] 𝑟𝑎𝑑  to [−1.4305,
1.4305] 𝑟𝑎𝑑 as shown in Fig.7.24. Hence, the ATDB controller can improve the stable 




Figure 7.24 Phase-plane trajectories of the nonlinear CT model in 𝛽𝑡 − 𝑑𝛽𝑡/𝑑𝑡  with 
ATDB under variable forward speed. 
Compared with the results are shown in Fig.7.3, the ATDB controller can extend the stable 
region of the articulated angle  𝜓 from [−0.7875, 0.7875 ] 𝑟𝑎𝑑  for the case without 
ATDB to [−1.1293, 1.1293] 𝑟𝑎𝑑 for the case with ATDB as shown in Fig.7.25. Hence, 
the ATDB controller can improve the stable region of the articulated angle to avoid the 
unstable jackknifing mode. 
 




Considering the roll stability of the car, compared with the Fig.7.6, the ATDB controller 
reduced the stable region of the car roll angle 𝜑𝑐 from [−0.02975, 0.02975] 𝑟𝑎𝑑 for the 
case without ATDB to[−0.022135, 0.022135] 𝑟𝑎𝑑  as shown in Fig.7.26. For both, the 
cases with and without ATDB, over the testing maneuver, the variation ranges of the car 
roll angle are decidedly smaller, and the car roll stability can be ensured for both cases. 
 
 
Figure 7.26 Phase-plane trajectories of the nonlinear CT model in 𝜑𝑐 − 𝜑𝑐/𝑑𝑡 with ATDB 
under variable forward speed. 
Considering the roll stability of the trailer, compared with the Fig.7.7, the ATDB controller 
can extend the stable region of the trailer roll angle 𝜑𝑡 from [−0.014875, 0.014875] 𝑟𝑎𝑑 
to [−0.016007, 0.016007] 𝑟𝑎𝑑  as shown in Fig.7.27. Similarly, for both the cases with 
and without ATDB, over the testing maneuver, the variation ranges of the trailer roll angle 




Figure 7.27 Phase-plane trajectories of the nonlinear CT model in 𝜑𝑡 − 𝜑𝑡/𝑑𝑡 with ATDB 
under variable forward speed. 
Finally, compared with the Figs.7.4 and 7.5, the ATDB controller can extend the stable 
regions of the vehicle and trailer motion, as shown in Figs.7.28 and 7.29, respectively. 
Table 7.2 offers the stable regions of the CT state variable for both the cases with and 
without ATDB. The benchmark of the two cases indicates that the ATDB controller can 
improve the stable regions of the CT system under the test maneuver. 
 
Figure 7.28 Phase-plane trajectories of the nonlinear CT model in 𝛽𝑐 − 𝑟𝑐 − 𝜓 with ATDB 




Figure 7.29 Phase-plane trajectories of the nonlinear CT model in 𝛽𝑡 − 𝑟𝑡 − 𝜓 with ATDB 
under variable forward speed. 
Table 7.2 The stable regions of the CT with and without ATDB under the test maneuver. 
 without ATDB with ATDB Improvement 
𝛽𝑐 (𝑟𝑎𝑑) [−0.0735, 0.0735] [−0.3495, 0.3495] 437%% 
𝛽𝑡 (𝑟𝑎𝑑) [−1.225, 1.225] [−1.4305, 1.4305] 16.8% 
𝜓 (𝑟𝑎𝑑) [−0.7875, 0.7875 ] [−1.1293, 1.1293] 43.4% 
𝑟𝑐 (𝑟𝑎𝑑/𝑠) [−0.4025, 0.4025] [−0.51323, 0.51323] 27.3% 
𝑟𝑡 (𝑟𝑎𝑑/𝑠) [−0.6475, 0.6475 ] [−1.7932, 1.7932] 177% 
𝜑c (𝑟𝑎𝑑) [−0.02975, 0.02975] [−0.022135, 0.022135] -25.6% 
𝜑𝑡 (𝑟𝑎𝑑) [−0.014875, 0.014875] [−0.016007, 0.016007] 7.6% 
In order to validate the inference achieved from the above discussion, we select the phase-
plane trajectories derived under the simulated test maneuver at 𝑈0 = 25 𝑚/𝑠 and 37 𝑚/𝑠. 
With the selected phase-plane trajectories, we may conduct a qualitative analysis of the 
nonlinear dynamic features of the CT with ATDB at the two different speeds. 
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7.3.1 Simulation Result Analysis of the Nonlinear CT Model 
with ATDB at 25 m/s 
Fig.7.30 illustrates simulation results of the CT with ATDB under the evasive maneuver at 
25 m/s in terms of the time history of the lateral acceleration, slip angle, yaw rate, and roll 
angle for both the car and trailer, as well as the articulation angle between the car and the 
trailer. Compared with the simulation results in Fig.7.8, the time histories for the CT with 
ATDB have smaller the peak values of state variables, and the vehicle states converge to 
the respective steady-state values with shorter settling times after the vehicle completes the 
single lane-change. Hence, the ATDB controller can improve the directional performance 
of the CT under the evasive maneuver at 25 m/s. 
 
Figure 7.30 Time history of state variables of the CT with ATDB under the evasive 
maneuver at 𝑈0 = 25 𝑚/𝑠. 
Fig.7.31 shows the motion modes at variable time instants of the CT with ATDB under the 
evasive maneuver at 25 m/s. Compared with the motion modes of the CT without ATDB 
shown in Fig.7.9, the ATDB controller makes both the car and trailer more precisely follow 




Figure 7.31 Motion modes at different time instants of the CT model under the evasive 
maneuver at 𝑈0 = 25 𝑚/𝑠 with ATDB. 
This observation of the results shown in Fig.7.32 demonstrates that the ATDB controller 
reduces the peak values of the tire lateral tire forces for all tires of the CT and makes the 
tire lateral tire forces and the tire side-slip angles related in approximately linear relations.   
Hence, all tires can provide sufficient lateral forces to support the CT moving and maintain 
lateral stability. 
 
Figure 7.32 Lateral tire forces vs. tires side-slip angles for the CT with ATDB over the 
evasive maneuver at 𝑈0 = 25 𝑚/𝑠. 
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Fig.7.33 shows the relationship between the lateral velocity and longitudinal velocity of 
the vehicle units of the CT with ATDB under the evasive maneuver at 25 m/s. Compared 
with the result for the case without ATDB shown in Fig.7.11, the result for the case with 
ATDB illustrated in Fig.7.33 indicates that with the ATDB controller, the CT completes 
the single lane change maneuver with fewer peak values of car and trailer lateral velocity, 
thereby reducing the risk for losing lateral stability over the maneuver. 
 
Figure 7.33 Longitudinal velocity vs. lateral velocity of the car and trailer of the CT with 
ATDB under the evasive maneuver at 𝑈0 = 25 𝑚/𝑠. 
Simulation results shown in Figs.7.30 to 7.33 further demonstrate that the ATDB controller 
can improve the directional performance of the CT over the test maneuver at 25 m/s. 
7.3.2 Simulation Result Analysis of the Nonlinear CT Model 
with ATDB at 37 m/s 
Fig.7.34 illustrates simulation results of the CT with ATDB under the evasive maneuver at 
37 m/s in terms of the time history of the lateral acceleration, slip angle, yaw rate, and roll 
angle for both the car and trailer, as well as the articulation angle between the two vehicle 
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units. Compared with the simulation results for the case without ATDB shown in Fig.7.16, 
the results for the case with ATDB illustrated in Fig.7.34 indicate that all the state variables 
converge to the respective values of the steady-state. Thus, it can be concluded that the 
ATDB controller enhances the lateral stability of the CT system under the test maneuver 
at 37 m/s. 
 
Figure 7.34 Time history of state variables of the CT with ATDB under the evasive 
maneuver at 𝑈0 = 37 𝑚/𝑠. 
To confirm the analysis above of the CT with ATDB, Fig.7.35 shows the motion modes at 
various time instants over the evasive maneuver at 37 m/s. Fig.7.35 (a) shows that the CT 
with ATDB can complete the single lane-change maneuver, but the vehicle will deviate 
from the specified horizontal straight-line direction after completing the lane-change. 
Fig.7.35 (b) displays the motion modes of the CT after completing the lane-change. It is 
found that trailer sway occurs after the lane-change is executed. Numerical simulation 





Figure 7.35 (a) Motion modes at different time instants of the CT with ATDB under the 
evasive maneuver at 𝑈0 = 37 𝑚/𝑠, and (b) a closed observation. 
The above dynamic phenomena may be explained by the following facts: 
1. As shown in Fig.7.36, under the evasive maneuver at 37 m/s, the relationship between 
the lateral tire force and the tire sideslip angle for the car of the CT maintains 
approximately a linear relationship; the relationship between lateral tire force and the 
tire side-slip angle for the trailer of the CT shows some degree of nonlinear 
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relationship, but the lateral trailer tire force is not saturated. Consequently, the car 
maintains lateral stability and travels forward, but the trailer exhibits angular 
oscillation in terms of trailer sway. 
 
Figure 7.36 Lateral tire forces vs. tire side-slip angles of the CT with ATDB under the 
evasive maneuver at 𝑈0 = 37 𝑚/𝑠. 
2. Fig.7.37 shows the relationship between the lateral velocity and longitudinal velocity 
of the vehicle units of the CT with ATDB under the evasive maneuver at 37 m/s. As 
shown in Fig.7.37, the peak values of the first sinewave of the trailer are more 
significant than the respective measures of the car. This unique dynamic phenomenon 
is ‘Rearward Amplification,’ which frequently occurs over evasive maneuvers. After 
the first sinewave, the trailer’s lateral velocity shows oscillation with larger amplitudes 
compared against that of the car, and this dynamic phenomenon is reflected in terms 
of trailer sway. Fortunately, the oscillation of the trailer lateral velocity dies out as the 




Figure 7.37 Longitudinal velocity vs. lateral velocity of the car and trailer of the CT with 
ATDB under the evasive maneuver at 𝑈0 = 37 𝑚/𝑠. 
Hence, under the evasive maneuver at the forward speed of 37 m/s, the ATDB controller 
can improve the lateral stability of the CT, but the vehicle cannot follow the specified 
horizontal straight line after completing the lane change. 
7.4  Summary 
This chapter proposes the systematic nonlinear stability analytical approach to examine the 
transient dynamics and evaluate the effectiveness of AVSSs in nonlinear multi-unit vehicle 
dynamic systems. A 6-DOF nonlinear CT model is generated as the nonlinear non-
autonomous vehicle dynamic system to examine the transient dynamics for the nonlinear 
multi-unit vehicles. And the phase-plane analytical approach is applied for efficient 
investigation of the nonlinear dynamic features for nonlinear non-autonomous multi-unit 
vehicle dynamic systems. The stability boundaries and the critical speed of the CT system 
under a test maneuver are estimated as well. In addition, the ATDB is developed as an 
AVSS for the nonlinear non-autonomous CT dynamic system to improve the safety of the 
vehicle, which is effective in expanding the stability boundaries and improving the lateral 
stability of the non-autonomous CT dynamic system. All inferences drawn in this chapter 
have been affirmed through the motion mode analytical approach. 
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Consequently, the proposed systematic nonlinear stability analytical method is valid in 
analyzing and predicting transient dynamic behaviors of nonlinear multi-unit vehicles and 
in evaluating the ATDB’s effectiveness in expanding the stability boundaries and 




Chapter 8                                   
Conclusions 
8.1  Conclusions  
This thesis presents a systematic nonlinear stability analytical method to explore and 
predict nonlinear dynamic behaviours of road vehicles, and to evaluate the effectiveness of 
AVSSs in improving the lateral stability for the vehicles. The results come up from the 
research can serve as guidelines in designing and developing effective AVSSs to improve 
the safety of road vehicles, such as to estimate the operating range of AVSSs. The research 
has accomplished the predefined objectives and has transcended pertinent limitations in 
previous studies. The fundamental contributions of the research are outlined as follows: 
⚫ Two nonlinear vehicle models, one representing single-unit vehicles and the other 
representing multi-unit vehicles, are generated to simulate the nonlinear dynamics of 
road vehicles. The two models are validated with the application of CarSim, a 
commercial software for analyzing multi-body system dynamics. It is shown that the 
nonlinear vehicle models derived in the research are effective in manipulating the 
trade-off among model complexities, calculating analysis cost, optimizing 
computation efficiency and accuracy of simulation results. 
⚫ Bifurcation analysis is used to explore the nonlinear dynamics of a nonlinear 
autonomous dynamic system represented by the single-unit vehicle model. With the 
combination of the linear and nonlinear stability methods, the research is effective in 
determining the stability of equilibrium points, predicting vehicle motion modes, 
estimating the stability regions, and evaluating the critical speed of single-unit vehicles 
under a given initial condition. The proposed DYC is able to expand the stability 




⚫ Phase-plane analysis is applied to study the transient dynamics of a nonlinear non-
autonomous dynamic system represented by the single-unit vehicle model. The 
stability boundaries of the vehicle under a test maneuver are estimated as well. And 
the proposed ARDB expands the stability boundaries of the non-autonomous vehicle 
system. 
⚫ The unique nonlinear dynamics of CT systems are examined with the combination use 
of bifurcation analysis and the nonlinear multi-unit vehicle model. The Lyapunov 
exponent method is used to estimate the stable regions of the CT. The proposed TDYC 
is able to improve the lateral stability of the nonlinear autonomous CT dynamic system. 
⚫ The transient dynamics of CT systems is explored through the phase-plane analysis 
and the multi-unit vehicle model. The stability boundaries of the CT under a test 
maneuver are estimated, and the expanded stability boundaries due to the proposed 
ATDB are predicted. 
⚫ The thesis proposes a systematic nonlinear stability analytical approach for road 
vehicles as shown in Appendix D. The proposed nonlinear stability analytical method 
distinguishes itself with the following features: 1) combining typical nonlinear 
dynamic analytical methods with conventional linear stability analytical approaches; 
2) evaluating the effectiveness of active safety systems through nonlinear dynamic 
analytical approaches; 3) establishing an effective nonlinear vehicle dynamic 
evaluation procedure, with which the global stability analysis is for the first time 
conducted by means of bifurcation analysis or phase-plane analysis. Subsequently, the 
local stability analysis is carried out by examining the time history of state variables. 
Finally, the inferences drawn from the above stages have been affirmed through the 
motion mode analytical approach. 
Therefore, the proposed systematic nonlinear stability analytical method effectively 
analyzes nonlinear dynamic features, predict vehicle nonlinear motion modes of road 
vehicles, evaluate the effectiveness of AVSSs in extending the stability boundaries and 
improving the lateral stability and handling the performance of road vehicles. 
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8.2 Recommendations for Future Studies 
This thesis proposes a systematic nonlinear stability analytical method to analyze and 
predict nonlinear dynamic features of road vehicles, and through which the effectiveness 
of AVSSs can be reasonably evaluated. As a result, the pre-set objectives have been 
successfully achieved. In spite of this, recommended actions to further resolve the relevant 
issues are as follows:  
Firstly, the driver-vehicle-road interactions should be put into consideration in the 
nonlinear dynamic analysis of road vehicles. Drivers play an essential role as an intellectual 
controller in the driver-vehicle-road loop. On that note, the driver should finish the path-
following task under different road trajectories. Additionally, the driver should also avoid 
unstable phenomenon result from disturbance such as emergency braking or turning. Thus, 
the effect of the driver should be taken into account in the nonlinear dynamic analysis of 
road vehicles so as to deal with different road conditions.    
Secondly, to explore the effectiveness of AVSSs in improving the safety of road vehicles, 
closed-loop nonlinear dynamic systems should be formulated and modelled, which is 
supposed to be comprised of a virtual driver, vehicle model, road model, and AVSS 
controllers. In actual road conditions, the road vehicle will be operated by a virtual driver 
to cope with various road conditions. Hence, AVSS controllers should also consider the 
effects of the virtual driver, road conditions and vehicle model. 
Thirdly, one must consider the dynamics of an actual controller and the signals that it may 
receive which are imperfect due to sensor limitations, or may be derived from virtual 
sensors (back-calculated) such as lateral speed measurement. Further the control output 
will be subject to processing time delays. Such input "error” and output delays in a real 
system will reduce the outer bounds of the possible stability gains calculated herewith in, 
which represent the theoretical outer limits using the differential braking approach, rather 
than what may eventually be attained in practice. 
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The results derived from the thesis have laid solid foundations for the aforementioned 
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Appendix A.                            
Nomenclature for Single-Unit Vehicle 
Systems 
Symbol Description  Nominal value 
𝒎 The total mass 1521 kg 
𝒎𝒔 The sprung mass 1306 kg 
𝑰𝒛 The yaw moment of inertia of the total mass  1816 kgm^2 
𝑰𝒙𝒙 The roll moment of inertia of the sprung mass  846.6 kgm^2 
𝑰𝒙𝒛 The roll-yaw product of inertia of the sprung mass r 0 
𝒉 The height of the CG of sprung mass above the roll axis 0.325 m 
𝒛 The vertical distance between the rolls center and hitch 0.305 m 
𝒄𝒓 The roll damping coefficient of the suspension 5000 Nms/rad 
𝒌𝒓 The roll stiffness of the suspension 120000 Nm/rad 
𝒂 The distance between the front axle and center of gravity (CG)  0.972 m 
𝒃 The distance between the rear axle and the CG  1.807 m 
𝑼 The longitudinal speed   
𝑽 The lateral speed   
𝜹 The steering angle of the front tire   
𝜷 The sideslip angle   
𝒅𝜷/𝒅𝒕 The sideslip angle rate   
𝝓 The roll angle   
𝒅𝝓/𝒅𝒕 The roll angle rate   
𝒓 The yaw rate   
𝑭𝒙𝟏 The longitudinal tire force of the front tire  
𝑭𝒚𝟏 The lateral tire force of the front tire  
𝑭𝒙𝟐 The longitudinal tire force of the rear tire   
𝑭𝒚𝟐 The lateral tire force of the rear tire  
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Appendix B.                              
Nomenclature for Car Trailer Systems 
Symbol Description  Nominal value 
𝒎𝒄 The leading car total mass 1521 kg 
𝒎𝒄𝒔 The leading car sprung mass 1306 kg 
𝒎𝒕 The leading trailer sprung mass 602 kg 
𝒎𝒕𝒔 The leading trailer sprung mass 466 kg 
𝑰𝒛𝐜 The yaw moment of inertia of the total mass of the car 1816 kgm^2 
𝑰𝒛𝐭 The yaw moment of inertia of the total mass of the trailer 1764 kgm^2 
𝑰𝒙𝒙𝐜 The roll moment of inertia of the sprung mass of the car 846.6 kgm^2 
𝑰𝒙𝒙𝐭 The roll moment of inertia of the sprung mass of the trailer 708 kgm^2 
𝑰𝒙𝒛𝐜 The roll-yaw product of inertia of the sprung mass of the car 0 
𝑰𝒙𝒛𝐭 The roll-yaw product of inertia of the sprung mass of the trailer 0 
𝒉𝒄 The height of the CG of car sprung mass above the roll axis 0.325 m 
𝒉𝒕 The height of the CG of trailer sprung mass above the roll axis 0.676 m 
𝒛𝒄 The vertical distance between the car rolls center and hitch 0.305 m 
𝒛𝒕 The vertical distance between the trailer roll center and hitch 0.285 m 
𝒄𝒓𝒄 The roll damping coefficient of the car suspension 5000 Nms/rad 
𝒄𝒓𝒕 The roll damping coefficient of the trailer suspension 7000 Nms/rad 
𝒌𝒓𝒄 The roll stiffness of the car suspension 120000Nm/rad 
𝒌𝒓𝒕 The roll stiffness of the trailer suspension 210000Nm/rad 
𝒂 The distance between the front axle and center of gravity (CG) of car 0.972 m 
𝒃 The distance between the rear axle and the CG of car 1.807 m 
𝒅 The distance between hitch and CG of the car 3.028 m 
𝒆 The distance between hitch and CG of trailer 2 m 
𝒇 The distance between trailer axle and CG of trailer 0.6 m 
𝑼𝒄 The longitudinal speed of the car  
𝑼𝒕 The longitudinal speed of the trailer  




Symbol Description  Nominal value 
𝑽𝒕 The lateral speed of the trailer  
𝜹 The steering angle of the front tire of the car  
𝜷𝒄 The sideslip angle of the car body  
𝒅𝜷𝒄/𝒅𝒕 The sideslip angle rate of the car body  
𝜷𝒕 The sideslip angle of the trailer body  
𝒅𝜷𝒕/𝒅𝒕 The sideslip angle rate of the trailer body  
𝝓𝒄 The roll angle of the car body  
𝒅𝝓𝒄/𝒅𝒕 The roll angle rate of the car body  
𝝓𝒕 The roll angle of the trailer body  
𝒅𝝓𝒕/𝒅𝒕 The roll angle of the trailer body  
𝝍 The articulation angle between car and trailer  
𝒅𝝍/𝒅𝒕 The articulation angle rates between car and trailer  
𝒓𝒄 The yaw rate of the car body  
𝒓𝒕 The yaw rate of the trailer body  
𝑭𝒙𝟏 The longitudinal tire force of the car’s front tire  
𝑭𝒚𝟏 The lateral tire force of the car’s front tire  
𝑭𝒙𝟐 The longitudinal tire force of the car’s rear tire   
𝑭𝒚𝟐 The lateral tire force of the car’s rear tire  
𝑭𝒙𝟑 The longitudinal tire force of the trailer’s tire   
𝑭𝒚𝟑 The lateral tire force of the trailer’s tire  
𝑭𝒙𝒕 The longitudinal force of the hitch  











Appendix C.                             
Nonlinear Tire Model 
In this research, the Magic Formula tire model [30] is selected to model the tire dynamics, 
and the impact of the camber angle is ignored. The longitudinal tire force and lateral force 
𝑦 are defined as a function of normal load 𝐹𝑧 and tire longitudinal slip ratio or sideslip angle 
𝑥 as shown in Eq. (c1). 
𝑦(𝑥) = 𝐷 ∙ 𝑠𝑖𝑛 [𝐶 ∙ 𝑡𝑎𝑛−1 {𝐵 ∙ 𝑥 − 𝐸 ∙ (𝐵 ∙ 𝑥 − 𝑡𝑎𝑛−1 (𝐵) ∙ 𝑥)}]                                         (c1) 
where coefficients 𝐵, 𝐶, 𝐷, 𝑎𝑛𝑑 𝐸 can be defined as functions of the vertical tire load 𝐹𝑧 as 
shown in Equations (c2) - (c6).  
𝐷 = 𝑎1 ∙ 𝐹𝑧
2 + 𝑎2 ∙ 𝐹𝑧                                                                                                             (c2) 
𝐶 = 𝑎0                                                                                                                                     (c3) 




))               (Longitudinal force)                                          (c4) 




                                        (Lateral force)                                                           (c5) 
𝐸 = (𝑎6 ∙ 𝐹𝑧 + 𝑎7)                                                                                                                   (c6) 
Table C.1 The selected values of the coefficients for the US vehicle tire model. 
US a0 a1 a2 a3 a4 a5 a6 a7 
𝑭𝒚𝟏 1.3 -23.2 1215 1283 1.82 0.208 0 -0.707 
𝑭𝒙𝟏 1.6 -21.3 1144 49.6 226 0.069 -0.006 0.056 
𝑭𝒚𝟐 1.3 -22.1 1011 1078 1.82 0.208 0 -0.707 




Table C.2 The selected values of the coefficients for the OS vehicle tire model. 
OS a0 a1 a2 a3 a4 a5 a6 a7 
𝑭𝒚𝟏 1.3 -22.1 1011 1078 1.82 0.208 0 -0.707 
𝑭𝒙𝟏 1.6 -21.3 1144 49.6 226 0.069 -0.006 0.056 
𝑭𝒚𝟐 1.3 -23.2 1215 1283 1.82 0.208 0 -0.707 
𝑭𝒙𝟐 1.6 -21.3 1144 49.6 226 0.069 -0.006 0.056 
 
Table C.3 The selected values of the coefficients for the CT tire model. 
CT a0 a1 a2 a3 a4 a5 a6 a7 
𝑭𝒚𝟏 1.3 -22.1 1011 1078 1.82 0.208 0 -0.707 
𝑭𝒙𝟏 1.6 -21.3 1144 49.6 226 0.069 -0.006 0.056 
𝑭𝒚𝟐 1.3 -23.2 1215 1283 1.82 0.208 0 -0.707 
𝑭𝒙𝟐 1.6 -21.3 1144 49.6 226 0.069 -0.006 0.056 
𝑭𝒚𝟑 1.3 -20.1 997 1010 1.82 0.208 0 -0.707 















Appendix D.                              
Nonlinear Vehicle Dynamic System 
and Analysis Approach 
 
“Non-autonomous (Greek: auto- ‘self’ + nomos- ‘law’) systems are those whose law of 
behaviour is influenced by external forces. From a dynamical point of view, a set of 
differential equations are non-autonomous if they include an explicit time dependence” 
[136]. They are also called “Time-varying Dynamic System” as shown as: 
ẋ = f(x, u(t)) 
where, 




Autonomous dynamic systems: a set of differential equations are autonomous if they 
DON’T include an explicit time dependence. They are also called “Time-invariant 
Dynamic System” as shown as: 
ẋ = f(x) 
For example, the dynamic vehicle systems under time-invariant control input u: the 
constant front wheel steering angle δ and the constant forward speed Uc, the trajectory of 
the vehicle keeps the straight line or the circle and is therefore autonomous.  
In this thesis, the nonlinear vehicle dynamic systems are considered as autonomous 
dynamic systems to study the steady-state dynamics of road vehicles. The systematic 
nonlinear stability analysis approach for nonlinear autonomous road vehicle dynamic 








In this thesis, the nonlinear vehicle dynamic systems are considered as non-autonomous 
dynamic systems to study the transient dynamics of road vehicles. The systematic nonlinear 
stability analysis approach for nonlinear non-autonomous road vehicle dynamic systems is 
proposed as: 
 
